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Abstract: In this work, we consider the smoothness of the solutions to the full Landau equation.
In particular, we prove that any classical solutions (such as the ones obtained by Guo in a “close to
equilibrium” setting) become immediately smooth with respect to all variables. This shows that the
Landau equation is a nonlinear and nonlocal analog of an hypoelliptic equation.

1 Introduction

In this paper, we study the smoothness of the solutions to the Landau equation of plasma physics:

Wf+v-Vuf =V, { fRS a(v —v.)[f(v:) Vo f(v) — va(v*)f(v)]dv*}, (1)
f(oa €L, 1)) = fO(:E7 ’U),
where f(¢,z,v) > 0 is the (spatially periodic) distribution function in the phase space of charged

particles which at time t > 0 and point # € T? = [, 7]*> move with velocity v € R3. The
nonnegative matrix a is given by the formula

VU4
aij(v) = (5117' - |U|QJ) w2, v e[=3,1]. (2)
The original (and most important) Landau collision operator is obtained when v = —3 and

corresponds to the Coulomb interaction (Cf. [20] and [8]). For v €]—3, 1], equation (1) is a limit model
(when collisions become grazing) of the Boltzmann equation (Cf. [11], [2] and [9]). Traditionally, one
calls hard potentials the case when v €]0, 1], Maxwellian molecules the case when v = 0, moderately
soft potentials the case when v €] — 2,0[, and very soft potentials the case when v €] — 3, —2]. The
range v €]1, +oo[ does not correspond to a physical situation, so we do not consider it in this paper.
However, the results presented in this work still hold in this case (the proof being the same as that of
the case v € [-2,1]).



The smoothness of the solutions to the spatially homogeneous Landau equation (that is, the
solutions of equation (1) which do not depend on z) has been investigated by Arsen’ev and Buryak
(Cf. [3]) in the Coulomb case and by Desvillettes and Villani (Cf. [13]) in the case of hard potentials.
In those works, it is shown that the Landau equation behaves (from the point of view of smoothness) as
a nonlinear and nonlocal version of the heat equation : roughly speaking, smoothness (in the variable
v) is immediately produced even if it does not exist initially. This behavior is close to that of the
(spatially homogeneous) Boltzmann equation without angular cutoff, but radically different from that
of the Boltzmann equation with angular cutoff (see for example [10] and the references therein for
precise statements). In this last case, propagation of regularity as well as singularities (in the variable
v) occurs, thanks to the properties of the positive part of Boltzmann operator (Cf. [21], [25], [5] and
22]).

We are now interested in the solutions to the full (that is, spatially inhomogeneous) Landau
equation (1), which is much closer to the real physics than the spatially homogeneous one. However,
there is a new and important difficulty: for general initial data, the solutions to the full Boltzmann and
Landau equations which have been builded up to now are very weak. They are called renormalized
for the cutoff Boltzmann equation (Cf. [15] and [21]), and renormalized with a defect measure for the
non cutoff Boltzmann or Landau equation (Cf. [24], [1] and [2]). As a consequence, it is difficult to
study the smoothness of their solutions, though strong compactness and strong stability properties
can sometimes be proven (Cf. [21], [1] and [2]).

This obstruction has been overcome in [7] in the case of the cutoff Boltzmann equation, thanks
to the use of “close to vacuum” solutions corresponding to “small” initial data (Cf. [19], [23] and the
references therein for the description of such solutions). It is proven that the solution f(t,-) at time
t has exactly the same regularity as the initial datum f(0,-), as a function of both variables x and v.
The proof uses a combination of the properties of regularization of the positive part of Boltzmann’s
operator and of averaging lemmas (Cf. [17]). Note that a recent extension of this work to solutions of
the Vlasov-Poisson-Boltzmann equation (Cf. [4]) exists. Note also that a corresponding theorem for
solutions close to Maxwellian could certainly be obtained.

In [18], Y. Guo presented the global existence of classical solutions to (1) in the case of initial
data near Maxwellians. Thanks to this breakthrough, it is now possible to improve our knowledge of
the smoothness of the solutions to eq. (1); this is what we do in this work.

We now explain our method of proof and what makes it original. By using an energy method
on the equation satisfied by some (higher order) derivative of the solution of the Landau equation,
it is possible to prove that one derivative with respect to the variable v is gained (such an estimate
exploits the “elliptic part” of the equation, and is close to the estimates obtained in [13] for the
spatially homogeneous equation). Then, instead of using a technique directly based on the brackets
[v -V, 0y,], we use an averaging lemma and keep track of the dependance of some fractional norm
of an average (with respect to v) of f in terms of the averaging function. An interpolation enables
to gain a fractional derivative (more precisely, 1/20 of a derivative) with respect to the variable x
for the function itself (and not its average). This method has already been used for example in [7].
However, there is now a new difficulty, and its resolution is the main originality of this paper: since
only fractional derivatives are gained, one has to perform the energy estimates (and the estimates
based on the averaging lemmas) for weighted finite differences of derivatives of f. As a consequence,
one has to add a new (space) variable and to perform L? estimates with respect to it.

For notational simplicity, we omit the integrating domains T® and R?2, which correspond to
variables z and variable v respectively. For example, we write L2 , instead of L2(T?; L2(R?3)). For
any integer N > 0, we define the Sobolev space

1= {se): 3 10800 le, < +oc ),

laf+IBI<N



and for N, s > 0, we define the weighted Sobolev space
1 = {fw0 s X 10080 (1 )i, < oo,
lee|+1BI<N

where the multi-index o = (a1, ag, a3), | = a1 + oz + a3 and 0 = 0g1 052002 with x = (21, x2, x3).
The notations for ( are the same. It is obvious that HY,0 = HY, . We also define Hy°, and H%* by

oo N 00,8 __ N,s
Hz,'u - ﬂ Hz,'u? Hx,v - ﬂ Hz,'u .
N2>0 N2>0

The conservation of mass, momentum and energy in equation (1) can be formulated (at the formal
level) as

d 1
— ft,z,v) v dxdv = 0. (3)
dt T3 ¥ R3 |’U|2

We introduce the normalized Maxwellian y = e“”'z, and the standard perturbation F' := F'(t, x, v)
with respect to p as

f=p+ ik (4)

By assuming that fo(z,v) has the same mass, momentum and energy as the Maxwellian u, we
can rewrite the conservation laws as

1

/ F(t,z,v)/1t v dxdv = 0. (5)
T3 x R? v[?

The result of [18] can be summarized as follows

Theorem 1.1 (Y. Guo) Let v € [-3,1] and N > 8. Assume that Fy := F(0,-,-) satisfies (5) and
that fo := p+/p Fy is nonnegative. There exists a constant ko > 0, such that if || Fol| gy < ko, eq. (1)
has a unique (global) nonnegative classical solution f := f(t,z,v). Moreover, using the notation 4),
there is a constant Cqy (depending on v, N and ko) such that

1. ifye [—2, 1],
1F | Lge (0,400 my,) < Co 1 Foll (6)

2. if ye[-3,-2[,

sup Y (0200 (14w < Co DT (19900 Fo) (1+ [u]) RO s
tel0Fool|q 4 g1<n la|+18]<N
(7)

Note that from (4), (6) and (7), we can easily get that for any s > 0, there exist constants C; > 0
(depending on Cy and s) and Cz > 0(depending on s) such that

HfHLtOO([o,.;_OO[;H;\f;f) < Cl||F0||H£fU + Ca. (8)

Our main result shows that (up to some weights in the velocity variable), any (bounded below)
classical solution to eq. (1) belonging to Hﬁyv lies in fact in C7°, for any time ¢ > 0. More precisely,

we shall suppose that our solution f to eq. (1) satisfies the



Assumption A : We suppose that f : Ry x T? xR3 — Ry lies in L([0, +00[; Nsx0 HS).
Moreover, we assume that f is bounded below in the following weak sense:
3K > 0,Y(t,z,v) € Ry x T3 x R?, EingQ [aij %o f(t,,)](v) &&5 > K (14 [v]?)72. (9)
€82 —
ij

Then, our main result reads:

Theorem 1.2 Let v € [-3,1], and f : Ry x T2 xR?® — Ry be a (classical) solution of eq. (1)
satisfying assumption A. Then, for any T > 0,

f e W ([r, +oof; Nezo Hyo (TP x RY)). (10)

Next, we notice that this result can be applied to the solutions of the Landau equation obtained
by Guo thanks to Theorem 1.1 (provided that k¢ > 0 is small enough). In particular, this shows that
the result of Theorem 1.2 is not empty. More precisely, we have the

Theorem 1.3 Let vy € [-3,1]. Assume that Fy := F(0,-,-) satisfies (5) and that fo := p+ /u Fo is
nonnegative. Then, there exists a constant ey €]0, ko[ such that if [|[Fo|lgs | < €o, the unique classical
nonnegative solution to equation (1) given by Theorem 1.1 satisfies (for any > 0):

f e W2 ([r, +oof; Neo Hyo (T2 x RY)). (11)

This result shows that the smoothing effect proven (for example in [13]) for the spatially ho-
mogeneous Landau equation extends to the full (spatially inhomogeneous) Landau equation, for all
variables ¢, z,v. Theorem 1.2 can be understood in this way: equation (1) is a nonlocal and nonlinear
version of hypoelliptic Fokker-Planck equations such as those described in [14]. This behavior was also
observed (though only for a marginal gain of smoothness) for a toy model of the Boltzmann equation
without angular cutoff (Cf. [12]). We finally emphasize that the smoothing property which is shown
in Theorems 1.2 and 1.3 holds uniformly when the time goes to infinity.

The rest of the paper is devoted to the proof of Theorems 1.2 and 1.3. In section 2, we prove
that Theorem 1.3 is a consequence of Theorem 1.2. Section 3 is devoted to the establishment of a
few lemmas which shall be used systematically in the sequel. Then, Theorem 1.2 is proven in sections
4 and 5 in the case when v € [—2,1]. Section 4, in which one step of the main induction argument
for Theorem 1.2 is proven, is itself divided in four subsections in which one “elementary” estimate
is proven, and a subsection into which those estimates are combined. Section 6 deals with the case
v € [-3,-2[

2 A weak lower bound

We begin this section with a few definitions.
Let b;(v) = >_; 0y;a5(v). In the sequel, we shall systematically write

i (t,m,0) = [ai; % f(t,2,9)](v), and  bi(t,x,v) = [b; *, f(t, 2,)](v).
Then, equation (1) can be rewritten as
Of +v-Vof =V, (@V,f +bf), (12)
where @ (resp. b) is the matrix (resp. the vector) with coefficients (@;;);; (resp. (b;):)-

We then show that the lower bound (9) of assumption A is satisfied by the solution of the Landau
equation given by Theorem 1.1, provided that k¢ is small enough. Indeed, we state the



Proposition 2.1 Let v > 0, N > 8 and f be a nonnegative classical solution of equation (1) given
by Theorem 1.1. If ||Fol|lgn < €o for eg small enough, there exists a constant K > 0, depending on

N,eo and v, such that for anyt € Ry, z € T?, v € R3 and &£ € R3,

D ay(tw0)&s > K (1+[o*)7[¢ (13)
ij

As a consequence, Theorem 1.8 is implied by Theorem 1.2.

Proof of Proposition 2.1 We use the method of proof of Proposition 4 in [13]. From (4), (6), (7)
and the assumption ||Fyl/zs < €, we get by Sobolev’s embedding that there is a constant S > 0,

depending on Cy (and thus on v, N and ¢€), such that
H\/EF||L§°([0,+<>O[;L;<3v) < Seg, (14)
which implies that for |[v] < R (R will be chosen later),

2
f > eiR - SGQ.

Choosing €y < (S + 1)t and R = Ry = \/—1log ((S + 1)ep), we get
ft,z,v) > €, for |v] <Rp. (15)

For £ e R3, |¢] =1and 0 <6 < %, let us set

Note that Dg ¢(v) is the cone centered at v, of axis directed by &, and of angle 6.
For all v, € R3*\ Dy ¢(v),

S a0 — v )6k = o — v 7723 [5y = LU0 il s i,
ij i v

— 0,2

Then from (15) we have that for all v € R* and 6 €]0, 5|,

Z ai(t,x,v)6& > / Lo j<ro f(t, T, vs) Z aij (v — vi)&ijdv.
R3\Dg,¢(v)

1] 1]

Y

€ v — v, 2dv, sin? 0 16
0 | | :
B\Dg ¢ (v)

where B = B(0, Ry).
When |v] > 2Ry, we have (when v +2 > 0 as well as when v 4 2 < 0) the estimate 1, |<p,|v —
0|72 > C|v[7T2. Then, we get

5 (10066 = o (Cluly ™ sin? 0 (1] = B0 Dag(0)]).

ij

According to (46) of [13], we have

|B N Dye(v)| < 2nRo(Jv] + Ro)? tan? 6, (17)

so that A
> it 0)€E > €0 (Clo]) sin® 0 <§ng — 27 Ry (Cv|)* tan? 9> .

ij



We finally choose @ in such a way that tan? 6 = it (S 2—17) Then,

(Clv))*-3
Zaij(tv%v)ﬁiﬁj > e (Clv])" " cos? 0 Rii gﬁRg
ij (Cl)*-3|3
2 Ceoligll™ (18)

On the other hand, when |v| < 2Ry, we observe that

J N A (R T
B\Dg¢(v) B\Dg,¢ (v)

> inf(\*2, (3R0)"?) | [B| = |B(v, )| — [Dp.e(v)] |-

According to (16), choosing A and € small enough, we see that

Z dij(t, ,T,’U)fzfj >C >0. (19)
©j

Estimates (18) and (19) together yield (13).

We conclude by noticing that thanks to estimates (8) and (13), assumption A is satisfied by the

solutions of the Landau equation given by Theorem 1.1 (for ko small enough). As a consequence,
Theorem 1.3 is a consequence of Theorem 1.2, which concludes Proposition 2.1.

3 Estimates on the diffusion coefficients

In this section, we present an estimate for the coefficients a;; and b; which will be used repeatedly in
the proof of Theorem 1.2:

Lemma 3.1 Let v € [-3,1]. Then, there exists a positive constant C' which depends only on ~y such
that for all nonnegative f := f(t,z,v) for which the derivatives are defined,
1). for any multi-indices o, B and Q interval included in [0, +o00[, we have

anf- 2o a4
105207 i (t, 2. )z () < COA+ PP N@0)N) A+ [0)F |l umz ),

lf’}’ € [_27 1]7 (20)
1080 ai;(t, x, Mg @ire)(v) < Cll(0205 f)(1 + |U|2)HL§°(Q;H£,U)=
if v € [-3,-2[; (21)

2). for any multi-indices o,  and § interval included in [0, 400[, we have

o 7 xt2 leY o i
105005t 2, ) L= (@upeey () < COA+ )= Y @507 (1L + o) = ||z, )

lo|=1
Zf7 € [_25 1]5 (22)
105075 (t, 2, ) | Lo ursey () < C @20 F)(1 + )| e stz
lo|=1
ifv e [-3,-2]. (23)



Proof of Lemma 3.1 We first prove (20) and (21). Write
070 aij (v) = 930 (aij o F)(v) = aij %o (950 f)(v).

By Sobolev’s embedding and Minkowski’s inequality, we get

10205 | 3 csne (v) = H [ oo = vozalsa,
RS

L (L)

1/2
2
< Csup Z / </ a;j(v— v*)ag‘*“agf(v*)dv*) dx
teQ T3 \JR3
lo|<2
1/2
< Csup/ lai; (v — v Z / 1091798 f (v, |2da dv,.
teQ JR3 s
lo|<2
If v € [-2,1], we see that
Jasj (v = v2)] < 20 = v,[1*2 < OO+ ) F (1+[u.?) T,
so that
||agagdij||L§°(Q;Lg°)(U)
1/2

y+

IN

lo|<2

a2

ye2 P}
< O+ )= 10500 A+ [0P) T e @nz,)-
As for the case v € [—3, —2[, we deduce from (24) that

1/2

||a§a§a/i]‘”L§0(Q;Lgo)(v) < Csup/3 v — U*|’Y+2 Z /3 |6;‘+oaff(v*)|2dx dv,.
R T

teQ) |U|§2
Using Holder’s inequality, we get
10205 5 || 2o (252,000 (V)
1/2
< ¢ ( [ = wperna s |v*|2>—2dv*) 122 1)1 + o) e crnz .
R3 ’

We now estimate the term [gs [v — 0,202 (1 + |v,[?)~2dv.. For |v] < 1, we see that

1
o= ol 2 1 o] = o] 2 5 + o],

and we can get

/ v — v, PO (1 + |, ?) 2w, / [0 2OFD (1 + o — v, [*) ~2dw.,
R3 R3

IN

C/ o PO (L 4 o tan, <
RS 2

o) s [ @) | S [ jorreoliw)Ps | e
teQ JR3 T3

(26)

(27)



For |v| > 1, we write
/ v — 0, 20D+ [0, )?) " 2dv, = / v — v PO (1 4 Jo.]?) 2 d.
RS T
+/ [0 = v PO+ [0 v, (28)
[o—v.|< 2

The first term in the r.h.s of (28) is bounded by

1 2(y+2)
(ﬂ> / (1 + |v|?)2dv, < C. (29)
4 s
Noticing that if |[v — v,| < 1+4|U‘, then |v,| > I%‘, we can bound the second term in the r.h.s of (28) by
—4 —4 2(v+2)+3
1
(1 + M) / v — 0, 20w, < C (1 + M) (ﬂ) <C. (30)
4 lv—v,|< 1+4\U\ 4 4

Combining (26) through (30), we obtain (21).

Observing that b;(v) = > 0u;a5(v), we get 0298b;(v) = > [aij %4 (agafavjf)} (v). As a
consequence, we can easily get (22) and (23) by following the proofs of (20) and (21) respectively.

4 Treatment of the Case v € [-2,1]

In this section, we shall consider eq. (1) in the case when v € [—2,1]. We shall use (in section 5) an
induction on the number of derivatives (in z and v) that can be controlled. The following proposition
shows how to get one step of this induction.

Proposition 4.1 Let~y € [-2,1], N > 8 be a given integer, and let f be a nonnegative solution of eq.
(1) such that assumption A holds for a given constant K. We suppose that for any T €]0,+oo[ and
s >0, ||f||Lao([0 Yy < K for some constant K = K(s,T,N,~). Then for any T > 0, t. €]0,T]

and s > 0, there is a positive constant C~'0, which depends on N, s, v, T, K, K and t., such that
||f||Lt°°([t*7T];H;\fjlv3) < Co. (31)

Since the proof of Proposition 4.1 is a bit long, we shall divide it into five parts. The first one is
devoted to the study of the smoothness of f with respect to v.

4.1 Gain of one derivative in v starting from a Sobolev space whose index
is an integer

We prove in this subsection the following

Lemma 4.1 Let v € [-2,1], N > 8 be a given integer, and let f be a smooth nonnegative solution of
equation (1) such that assumption A holds for a given constant K. We suppose that for any T > 0,
s>0,

||f(07 ) )”Hi\fv* < KOu

)SKQ and Ny < Ko,

“f”Lf"([o,T];HéY;l*s ||f||L?<[0,T1;Hw;v

where Ko = Ko(s,T,v, N, K) is some constant.



Then, there exists a constant 6’1, which depends on N, s, v, T, Ko and K, such that

sup / |h|2dzdv +/ |V, h|2dtdzdv < Cy, (32)
t€[0,7] J T3 x R3 [0,T]xT3 x R3

where
h= (0200 f) (1 + [v*)*/?, (33)
with |a| + 3] < N.

Proof of Lemma 4.1 If a and 8 are two multi-indices, we say that 3 < a when 3; < a; for
1 < j < 3. We also denote a! = ajlas!as! and, if 8 < «,
o5 = 2 _omeomen
B Blla—p)l P B s
We finally denote by §; the multi-index whose ith component is 1, and the others are 0.
Since equation (1) is equivalent to (12), we know from Leibniz’s formula that h satisfies the
following equation (using Einstein’s convention for repeated indices and denoting g = 997 f):

Ouh+v-Voh=1+II+III, (34)
where
I 0, for |6| =0,
=\ =GO 98 0 f)(1+ )2, for |6] > 1,
II = 3y,(i;0y;h) — 5aj(o, 9) (1 + [v]*)**Lv; — B, [Saia‘g(l + [v]?)*/ 2y,
—61,1, (Blh) + 8619(1 + |’U|2)S/271’Ui,
mr o=y Os:l{aui [(aslaijxa?avjf)u + |v|2>5/2} — 5(0255) (0220, £) (1 + J0]?)¥/2 Mo
“rEe
., [(am)(az?f)(l n |v|2>5/2} SO B) @ F)(1+ |v|2>5/2-1v1}, for |5] = 0,
nr =y L0 {a [@slafl ai7) (922050 f)(1 + wr”}
1e2ls
[ |+]1811>1

—5(01 00 ai;)(922 0521 f) (1 + [v]?)*/2 s — O, {(3?185151-)(83285#)(1 + [v[?)*/2
+5(0%19%1D:) (092052 £)(1 + |v|2)5/21vi}, for |8] > 1.

We only consider the case |3| > 1, because the estimates for the case |3| = 0 are similar (and
easier). Multiplying equation (34) by h, and then integrating on (t, z, v), we shall estimate the resulting
equation term by term.

Note that the “main term” implying the coercivity (and thus leading to the gain of one derivative
with respect to v) is I1; (that is, the first term in 17), and more precisely (with the notations prescribed
below), the term A;.



We see that

1

1 1
(ath)hdtdwdv Y ||h(fZ )||2L2 - Hh(o)H%? >3 ||h(fZ )||2L2 - _Kg' (35)
[0,7]x T3 x R3 2 o o v 2
,T]xT3 x

Since f is a spatially periodic function, we also see that

1
/ (v Vgh)hdtdzdv = - / v ( Ve (hz)d:r> dtdv = 0. (36)
[0,T]xT? x R 2 Jo,r1xR? T3

For the term containing I, Holder’s inequality entails that

/ Thdtdzxdv
[0,T]xT3 x R3

For the term containing II, we write Il = Z?Zl I1I;, and then estimate term by term. By
integration by parts,

< C”h”Lf([O,T];Lﬁ’v)||f||L§([0,T];H£f;JS) < CK(%' (37)

/ IIl hdtdedv = -— / C_Ll'j (81,1 h) (81,]. h)dtdId’U
[0,T]xT3 x R3 [0,T]xT3 x R3
_ _/ 61 (00,9) (B0, 9)(1 + |0[2)? dtdudv
[0,T]xT3 x R3
—28/ ai; (v, 9)g(1 + |v|*)* tv;dtdzdv
[0,T]xT3 x R3
—32/ aijlg|?(1 + |v|*)* 2v;0;dtdzdv. (38)
[0,T]xT3 x R3

Denote the r.h.s of the above identity as A; + As + As. Thanks to Lemma 2.1, we get

2

(Vog) (14 [v*) 2| dtdxdv

2
dtdxdv. (39)

A < -K (1+]v?)?
[0,7]x T3 x R3

= -K (Vog)(L+ o) 373

[0,T]xT3 x R3

Using then Lemma 3.1, we see that

s 2L
ol = C/[OT]szst [Vogllgl (1 + o)™ dtdxdv”f”L?"([O,T];HﬁiZH)

< CKy (EH(va)(l + |U|2)%+% ||2L?([0,T];L§,v) + CﬁHinz([O T]-HN’S+1+3))
< CKp (6||(Vv9)(1 +[of?)3ta ||%§([O,T];L§m) + Cng) ; (40)
and
| 43| < CKollfI1? vory, S CKG. (41)

L30T} He o ?)

10



Again by integration by parts, we obtain that

/ IIghdtd(EdU = S/ &,j (G/Uh(l + |’U|2)S/2—1,Ui>gdtdxd,u
[0,T]xT3 x R3 [0,T]xT3 x R3

= s/ aij(0y, h)g(1 + |v|?)*/ % Loydtdzdy
[0,T]xT3 x R3

—|—s/ aishg(1 + [v]?)*2 L dtdzdv
[0,T]xXT3 x R3
+s(s — 2)/ aijhg(l+ |v|2)5/272vivjdtdzdv
[0,T]xT3 x R3
+s/ bihg(1 + |v]?)*/* Losdtdadv.
[0,T]xT3 x R3

Thanks to Lemma 3.1, we get

/ I hdtdxdv
[0,T]xT3 x R3

o <€||(va)(1 + 1ol )2+Z ||L2(0T L2 ) +Ce “f“L2( ]‘Hiv;”H%))

IN

IN

CEo (el (Tug) (1 + 10535 0 17,00 ) + CKF) -

For the term containing I'l3, we write

/ II3hdtdxdv
[0,T)x T3 x R3

5/ aij (D, ) g(1 + |v|?)*/? L, dtdzdv
[0,T]x T3 x R
_ s/ 5 (90, 9)9 (1 + [v]2) L, dtdady
[0,T]x T3 x R
+52/ ai;lg)* (1 + |v|*)* 20 dtdzdv.
[0,T]xT3 x R3

Again from Lemma 3.1, we get that

/ IIshdtdzdy
[0,T]xT3 x R3

Oy (el(Tug)1+ W) oy + I, i)

CKo (el (Tog) (1 + 1) 35 0 11,02 ) + CEF) -

IN

IN

Since

/ I1hdtdrdy = / b;(0y,; h)hdtdzdv
[0,T]xT3 x R3 [0,T]xT3 x R3
1 _
= - / (D, b;) || dtdzdv,
2 [0,T]xT3 x R3

we know thanks to Lemma 3.1 that

/ IIhdtdzdv| < CKol| f]1? vorirg, < OKG.
[0,T]xT3 x R3 2)

L2([0,T);Hy
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Finally, it is easy to see that

/ I1Ishdtdzdv
[0,T]xT3 x R3

We now turn to the terms containing the mixed derivatives. We write I1] = Z?:l IT1; (we recall
that we treat only the case |3| > 1). By integration by parts,

< CKollf|? ., < CK3. 45
> 0||f||Lf([O,T];Hﬁ;,S+1+7) = 0 ( )

/ Oy, [@ﬁlaflaij)(@ﬁ?@f?”ff)(l +[0f*)*/2| hdtdzdv
[0,T]xT3 x R3
- _/ (0910 i;) (052027 £)(D0,9) (1 + |v]?)*dtdadv
[0,T]xT3 x R3
—s / (021051 a;;) (002022195 f)g(1 + |v[*)* Ludtdzdo. (46)
[0,T]xT3 x R3

For the first term on the r.h.s of the above equality, we first treat the case when |a1|+|81] < [§]+1.
Then (since N > 8), |ai| +|61] +2 < N —1, and Lemma 3.1 implies that

IN

a2
C(l + |U|2) 2 ”f”LgO([o,T];Hé\f;L”f“)
C(1+ |vf?) ™5 Ko,

109100 || o (0, 7);1.00)

A

so that

L (500 Q2200 )00 )1+ i
,T] % x R3

IN

CKo <€||(Vv9)(1 +[o?)2t3 220,352 ) + Ce||f||2L2([0 7 HN‘””%))

iz, v

IN

CEo (el (Vog) L+ o) 43 By (g 0,0 )+ CeE)

We now turn to the case when |oq| + [B1] > [5] +2. If N is even, then |ag| + 82| < [§] — 2, and
lag| +|B2]+5 < N—1. If N is odd, then |ag|+|B2] < [§] —1, and we also get ||+ |B2| +5 < N —1.
Using Sobolev embedding, we see that

10220525 £)(L + [0 2+ 52 e 0,120, ClI@g202 % F) (L + [0l 2752 e oyt )

CHfH N71,5+4+% < CKQ

<
< <
L ([0,T]; Ha o )

12



We notice that |a(v)] < Clv|YT2. Then, by Hélder’s and Minkowski’s inequalities, we get that

/m] o 000220 [)(Du,g) (1 + o) dtdad
XT3 x

IN

CK(J/ (/ |v — U*|7+2|a§‘1851f(v*)|dv*) |va|(1 + |U|2)%7%72dtdvdm
[0,T]xT3 x R3 R3

CKO/ (/ dv) (/ Vgl (1 + |v|2)%+%1dv) dtdx
[0,7]xT% \JR? RS

IN

(02105 )1 + [o]?) T

T 9 1/2
< CKO/ /(1—|—|v </ 'aalaﬁlf(1+|v|)z a:) dv
0 R3
1/2
x / (1+|v]?) </} w9+ [v]?)2 ] d :c) dv| dt
R3
T 1/2
< CKO/ / (02100 f) (1 + |v]2) ™= da:dv]
0 T3 x R3
9 1/2
X [/ (Vog)(1 + |o]?)2F% d:cdv] dt
T3 x R3
<

Ko (€l (Vo) (L4 0 F a0 mya ) + Cel A0, mmvs)
< CKo (el(Vog) U+ o) F 1 o 2, + CeE) -

Similarly, we can bound the second term on the r.h.s of (46) by CK3. Then,

/ 1111 hdtdzdv
[0,T]xT3 x R3

The term containing 1115 can be estimated in the same way. We do not detail the computation, but

simply notice that because of Lemma 3.1, the cases |oy| + [81] < [&] and |ou| +|81] > [5] + 1 are

considered separately. As a consequence,

/ I1I3hdtdzdv
[0,T]x T3 x R3

Finally, one can also prove that

< CKo (el (Vo) + o353 230 rysa ) + CKG) . (47)

< OKo (Vo) U+ 0P 5 F a0 myz ) + CeKZ) . (48)

< CK3}. (49)

/ (IIIQ +III4)hdtdCCd’U
[0,T]xT3 x R3

Putting (35) through (49) together, we see that

1 s
LM B+ (K = CRod) (Tu) (1 + o o ) < CK3(1+ Ko+ CKS. (50)

The proof of Lemma 4.1 is concluded by taking € > 0 small enough.

We now turn to the question of the smoothness with respect to variable z. We cannot hope to get
it directly by an energy estimate like we did for variable v since no diffusion term in x is available. We
use instead averaging lemmas, which ensure that averages in v of the solution of a kinetic equation
have some smoothness (Cf. [17] for example).
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4.2 Gain of 1/20 of a derivative in x starting from a Sobolev space whose
index is an integer

We begin with the

Lemma 4.2 Let v € [-2,1], N > 8 be a given integer, and let f be a smooth nonnegative solution of
eq. (1) such that assumption A holds for a given constant K. We suppose that for any T €]0,+o00|
and s > 0, ||f||L,,o([O ey < Ki for some constant Ky = Ki(s,T,v, N, K). Then for any T > 0

and s > 0, there is a positive constant 52, which depends on N, s, v, T, K and K1, such that

/[O o e <, (51)
T %

where h is defined by (33).
Proof of Lemma 4.2 Let p(t,2,v) = h(t,z,v)(1 + [v|?)%. We recall that

(51) < (1+ [o) 4 App(t, z,v) P |k| "Y1 3 dtdvdadk < Cy
[0,T]xR3 x T3 x T3
& (1+ |v|2)_4< Z |m|1/10|]§(t,m,v)|2)dtdv < s, (52)
[0,T]xR3 meZs

where Agp(t, z,v) = p(t,z + k,v) — p(t,x,v) is a finite difference, and p(¢,m,v) is the m-th Fourier
coefficient of p with respect to the x variable.

We wish to prove (52). Let x := x(v) € C°(R?) be a test function which satisfies x(v) > 0 and
fR3 x(v)dv = 1. We introduce the regularizing sequence x.(v) = e 3x (%) and write

p(t,m,v) = [ﬁ(t,m,m (Bltm, ) xe)(v)] Tt m, ) #0 X)), (53)

Here, € will be chosen later (and will depend on m).
For the first term of the r.h.s of the above equality, we use Minkowski’s inequality and get

JRCEAER
[B(t,m,v) — p(t,m,v — u)] xe(u)du

ful
</R ([ ttm,) =, - u>|2dv>1/2 Xe(u)du>

2
o </ Xe(u)|u|du) / |Vvﬁ(t,m,v)|2dv < 062/ |Vvﬁ(t,m,v)|2dv
R3 R3 R3

2

ﬁ(tvmvv) - (ﬁ(tvmv ) *y XE)(U) dv

2
dv

IN

2

IN

IN

so that

ﬁ(ta m, v) - [A(tv m, ) *o Xé](v)

,T] %

2
>dtdv
meZ3

< c/ > m[ 0S|Vt m,v)Pdtdy. (54)
[0,T]xR3

mezZ3

Remembering that p = h(1 + |v|?)?, we see that p is the solution of equation (34) with s replaced
by s + 4. Then, we can write the equation satisfied by p under the form

op+v-Vep=p1+ V- pa. (55)

14



Here, V, - p2 is the sum of the terms I'ly, I13, 114, I} and 1113, while p; is the sum of the remaining

terms.

We claim that py,ps € L7([0,T]; L2 ). We only present here the estimates for the terms I, IT;,

II5, ITI; and II1; in the case |3| > 1, the others being similar.
It is obvious that

HI”Lf([O,T];L2 < C||f||L2 ([0,T7; HN s+4 < CK1T1/2 (56)
As for the term I, we know from (20) that
_ 42
@il oo o,y Lo0) < CE1 (1 + |vf?) 72,
which implies that
@i O, Dl L2 (10,7122 ) < CKLll(Vop)(1 + l0[?)"% ||L2( 0102 ) < C\/ 1 K7, (57)
where the last inequality holds thanks to Lemma 4.1 (applied to p(1 + |v|2)(7+2)/2).
If we use (22) instead of (20), we can analogously obtain that
[big(1 + |U|2)S/2+lvi”Lf([O,T];Lg,v) < CKiT'?, (58)
and as a consequence
I115] 2o, 722 ,) < CKIT'?. (59)
As for the term I1Iy, when |on| + [B1] < [5] + 1, we know from (20) that
_ _ad2
108105 aiy) (1 + [0]*) ™% |07y < CK1.
This implies that
(09105 ai; ) (9920529 f)(1 + |U| )F ||L2 (0,T};L2 )
< CKoll(02205 % )1+ o) F 2 oryire ) < CKITY2. (60)
When || + [B1] > [5] + 2, we know that
a . s+v+8 a
1020527 F)(1+ [0]) T3 |l o 1yze,) < CllO2205%% F)(1+ [o]2) T3 || e o1, < CK.

Noticing that |a(v —v.)| < Clv — v |72 < O(1 + |’U|2)VT+2 (1+ |v*|2)77+27 we get

e — _at4
@205 a) (L + 1)~ 2 ory.zz )

IN

IN

2
O/ </ |aglaglf(v)|(1+|v|2)”—¥2dv> dtdz.
[0,T]xT3 R3

Using Minkowski’s and Hoélder’s inequality, we get

o _ _ota
105208 a) (1 + [oP) "% a0 mpine

c/ (/R (/ |8§‘1851f(v)|2(1+|v|2)7+4d:v>1/2(1+|v|2)_1dv>2dt

[0.T]x T3 0RO F )P o) Hdtdedo < CKTT,
0,7 xT3 x R*

IN

IN
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which yields for the term I11; :
o4 = [e% i 544
1052 05 ai3) (9220525 £)(1 + [v]) T | 2oz )
< CE[(02108'a) (1 + [0?) " F N p2qoryire ) < CRITY2, (61)

For the term 113, we proceed like for the corresponding term in the proof of Lemma 4.1. We use
(22) instead of (20) and consider the case o1+ |B1| < [§] and |on| + [B1] > [§] + 1 separately, in
order to get

1eY 7 1eY i =44
105207 0i) (952024 1) (1 + [0I*) = Nl p2qo ez ) < CEITY2, (62)
Finally, we sce indeed that p1,p2 € L7([0,T); L2 ).

Now according to (2.16) in Theorem 2.1 (averaging lemma) of [6] (this is a variant of a lemma
first proven in [16]), we can prove that

T
|m|1/2/
0

% (11900, m. )13z + 15 ms )3 g0 2722

2

(ﬁ(tv m, ) *u Xe)(v)

2
i < C(lee(v C (1 Pl + [ Vxelo —w)(1+ |u|2>||Lzo)

0B om0y + om0 )

Since [|xe(v — u)(1+ |uf?)||pe < Ce 3(1 4+ |v|*), we see that

2
/ L+ o)™ D V10| (B(t, m, ) 0 xe) (v)| didu
[0,T]xR3 mezd
11 A
< O3 Il ) (50, m. )3
meZ3
+H]5('ama')||%g([o,T];Lg)+||251('7m7')||2Lg([o,T];Lg)+||252('ama')H%g([o,T];Lg))' (63)

If we choose € := ¢(m) = |m|~'/?°, we can bound (54) by using Lemma 4.1. Then, we can bound
i(

(63) remembering that p(0,-,-) € L2, and p,p1,p2 € LF([0,T]; L2 ). This leads to estimate (52) and
ends the proof of Lemma 4.2.

Roughly speaking, Lemma 4.2 (together with Lemma 4.1) shows that when f is a solution of
eq. (1) satisfying assumption A and such that f € L{°(HY,), then f € LF( N+1/20) (up to some
weights).

The two next steps consist in proving that the same gain of 1/20 of derivatives (with respect to =

and v) holds when N is replaced by N + J with § not integer, so that at the end, f € L( N+6+1/20)
(with weights). In these two steps, one has to write down the equation satisfied by a finite difference
(in ) of some mixed derivative of f. The two next lemmas are therefore somewhat more technical
than lemmas 4.1, 4.2, and the treatment of this difficulty is the main novelty of this paper.

4.3 Gain of one derivative in v starting from a Sobolev space whose index

is not an integer

Lemma 4.3 Letvy € [-2,1], N > 8 be a given integer, § €]0,19/20] and let f be a smooth nonnegative
solution of eq. (1) such that assumption A holds for a given constant K. We suppose that for any
T €]0,+o0[ and s > 0, there exists Ko = Ka(v, N, 0, K, T, s) such that

||f(07 " )||Hﬁ’j“s < Ko, ||f||Loo ([0,T7; Hx o= < Ko, ||f||L§([07T];Hé\fj5’S) < K. (64)
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Then for any T > 0, and s > 0, there is a positive constant 6’3, which depends on N, s, v, T, K, Ks
and 0, such that

v96,k rav < Cs
[0,T]xT3 x R3 x T3

where g5 (t, z,v) = Agh(t, 2, v)|k| =52, and h is defined by (33).

Proof of Lemma 4.3 The main difference between this proof and that of Lemma 4.1 is that we
now have an additional integration with respect to k.

By assumption, ||gs%(0)|| 12 LS K5. We now write down the equation satisfied by gs x:
Oegs e +v-Vags e =IV+V +VI, (66)

where

V= 0, . for |B] =0,
—Bi(O9 O] O AR L) KT (L [0])*/2, for |B] > 1,

Vo= a, {Ak@m&% h>|k|53} — 5@, 9) 702 (1 + [0[2)*> 0y

—d,, [S%am—gnw%u + |v|2>s/“va'] = O, {Ak@ihnm‘sg]

505 (big) k|72 (1 + [u]?)*/ 2y,

vi = ¥ cnfon|su@an@o, nik- s ofr?)

altag=a
lag]21

—s/\y, ((8§1aij)(6gzavjf)> |k|‘5—%(1 + |v|2)5/2_1vi
—Oy, [Ak ((Bglbi)(ang)) |k|_‘5—%(1 + |,U|2)s/2:|

A ((asla-)(a?f)) K31+ |v|2>s/“vi}, for |5] =0,

VI - ca.cl {a [Ak ((aslaflain(aszaﬁz”jf)) K31+ o]2)2
e [+18112>1

st (05100 ) @300 4 ) ) K70 E (L o2,
o, [Ak ((aslaflb»(asza?f)) k31 ¢ |v|2>s/2]
+sm((aslaflbi)(aszaﬁzf)) K314 |v|2>s/2-1vz}, for |3] > 1.

We still only consider the case |§] > 1. We multiply equation (66) by ¢s %, and then integrate on
(t,z,v,k) in the domain [0, 7] x T? x R?® x T2. We only estimate the terms containing the first and
fourth term of V" and the first term of VI, denoted by V1, V4 and V' I; respectively, since the estimates
for other terms are similar. Note that the “main term” implying the coercivity (and thus leading to
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the gain of one derivative with respect to v) is V1, and more precisely (with the notations prescribed
below), the term By ;.

For any function f(z) and g(z),

Ar(f(x)g(x)) = f@ + k) Arg(@) + g(x) A f(2), (67)
so that (writing a;;(z + k) instead of a;; (¢, z + k, v), etc.), we can write
Vi = (9% [Ak(aijavjh)|k|‘5‘3] = (9% [aij(x + k)(angé,k):| + ayi [(Akaij)(&,j h)|/€|_6_% .
We denote the r.h.s of the above equality by By + By. After integration by parts,
/ B g5 pdtdxdvdk
[0,T]xT3 x R3 x T3

— / C_Lij (ZZ? + k) (81,1.95116)(8”]. g(;,k)dtdzdvdk
[0, T]xT3 x R3 x T3

aij (x4 k) [00; (D19)][00, (Arg)] (1 + [0]*)% k| =23 dtdzdvdk

J

/[O,T]><T3 x R3 x T3

2s / s (@ + 5)[00, (Drg)] (D) (1 + [0]2)* s |23 dtdaduvde
[0,7]xT3 x R3 x T3

—s? / ij(x + k)| Argl? (1 + [v]?)* ™ 200, k| =23 dtdzdudk. (68)
[0,T]xT3 x R3 x T3

We write the r.h.s of the above equality as By 1 + B2 + Bi 3. Since f is a spatially periodic function,
we obtain from Lemma 2.1 that

2
Bii < -K 1+ 012 | [V (Lrg)] (1 + [v]?) k|70~ 2| dtdwdvdk

[0,T]xT3 x R3 x T3

2

= -K (Vo (2eg)](1+ [0]2)3H5 k|73 | dtdaduvdk. (69)

[0,T]xT3 x R3 x T3
Thanks to Lemma 3.1, we know that

y+2

@i (@ + )l g (o, 1352.30,) < CK2(1 + lw*)7=".

Using Hélder’s inequality and the hypothesis of our lemma, we get

|B12| < CK2/

ERNed _5—3
[0,7]xT3 x R? x T3 (lv”(Akg)|(1+|vl2)2+4|k| ’ 2)
JT]XT3 x x T

x ((Akg)(l + o) E R |k|+%) dtdzdvdk
< CKs (Vu(Lkg] (0 + o) K38 g2 )+ CKS). (70)

Similarly, we can obtain

|B1s| < CK3. (71)
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As for the term containing By, we treat it by integration by parts,

/ Bags pdtdxdvdk
[0, T]xT3 x R3 x T3

—/ (ARaij)(Ov, gs,1) (O, h)|k| =02 dtdxdvdk
[0,T]xT3 x R3 x T3

—/ (Dkais) (Do, (D19)) (s, 9) (L + [0]*)° k| 7> dtdadvdk
[0,T]xT3 x R3 x T3

—s/ (Akaif) (O, (Drg))g(1 + |v|*)5 o k|~ 3dtdrdvdk

[0,7]xT3 x R3 x T3

—s/ (D) (Dkg) (00, 9) (1 + |v][?)* g k| =203 dtdwdvdk
[0,T]xT3 x R3 x T3

—52/ (Agai)(Akg)g(1 + [v]2) 200 |k| =23 dtdrdvdk. (72)
[0,T]xT3 x R3 x T3

We denote the r.h.s of the above equality by 2?21 By ;. Noticing that Aga;; = a;; * Apf, we get
thanks to Lemma 3.1 the following inequality :

_ 132 244
1Ak (L < CA+ ) = I (ARH @+ o) Iz,

Then,
y+4 _5_3
[B2a| < C 1AL+ [0) = (K72 |z,
[0,T]xT3 ’
X (/ Vo (Dk9)||Vugl(1 + |v|2)8+1+3|k|—5—%dxdv> dtdk
T3 x R3
T o\2t4 53 2\ S 4 _5-3
< C/O [(ARf)A+ )= [k 2 2 (a2 ) I Vo (Drg)] (X + [07) 275 K772 |2
*[[(Vog) (1 + [0l FFAHY| 2 dt
540 _5—3 =~
< CFs (lTul2ka)) U+ ) EF R 212 0 e )+ CCh), (73)
where the last inequality holds thanks to Lemma 4.1. Similarly, we can get
4 , _
> 1Boil < C K (elVo(ug))(1+ ) E R F 20 o ppe )+ CBa+ G (T4)
i=2

Combining (68) through (74), we get the estimate for f[o T)xT3 x R? x 19 V196 kdtdzdvdk.
We now briefly describe how to treat the term V3. We know from (67) that

o[ a3 = o [+ g + 00 [ abonte 2]

Oy, [bi (x4 k) gs.1] 95,k dtdxdvdk is similar to that for By o.
R o s Ous [(Dkbi) bk~ 2] gs rdtdrdvdk an estimate
Bsgs pdtdedvdk. Finally, we have that

We find that the estimate for [i ;. o . s x s

Moreover, using (22), we obtain for f[o T]xT?
similar to that of f[

K

0,T]xT3 x R3 x T3

Vags rdtdzdvdk

~/[0,T] xT3 x R3 x T3
< OKy (el IVulbug)l 1+ o) R o gz, + CelBE+C0)) . (75)
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As for the term containing VI, we write
v, {Ak((33135161-;')(3?235”51'f))(l + |v|2)s/2lk|5g}

= a’ui

(02100 (o + )00 S )1+ o2
£, (05200 80 (05205 (1 + o)k 22,
and we denote it by Dy + Ds. By integration by parts,

/ D1 g5 rpdtdzdudk
[0,T]xT3 x R3 x T3

_/[o:r] TS x R T(3318516ij(x+k))(afc”@f”‘sjAkf)(amga,k)(l+|v|2)5/2|k|‘5‘%dtdmdvdk
,T]xT3 x R3 x T3

_/[OT] T3 x R T(3?1351&ij(l‘+k))@;“?@fz”jﬁkf)(@m(Akg))(l+IUIQ)SIkI*”*BdtdIdvdk
T]xT3 x R3 x T3

_S/ (0910 @iy (w + k) (052020 A f)(Drg)
[0,T]xT3 x R3 x T3
x (1 + |v)?)* Yo k| =2~ 3dtdxdvdk. (76)

We write the r.h.s of the above equality as D11 4+ D12. When |aq| + |51] < [%] + 1, Lemma 3.1

ensures that
y+2

108100 aj(x + k)”LgO([o,T];L;fk) < CKy(1+ )= .
Then, thanks to the hypothesis of our lemma, we get

|D1 1]

IN

s 53
CE (€l u( kg1 + o) F B2 gy

+C|[[0g202 % Ay f1(1 + |U|2)%+%+1|k|_6_%H%f([O,T] L2 k))

)

IN

K (€lVo (L1 + o) oz )+ C3) . (1)
When |a1| + 1] > [§] + 2, by Sobolev’s embedding, we know that
10520 A ) (1 + o) 32 R 707 |1, < C(O52 07+ A f) (L4 [0f?) 232 K] 7072 s .

From the definitions of a and @, we obtain (we do not write down the time variable for the sake of
simplicity)

09100 sy (x + k)| < / la(v — 0102005 F(z + b, 0.) | do,
R3

IN

(L Jof?) ™ / 0505 f(w -+ ke, 0)| (1 + [0]*) % d.

R3
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So using Cauchy-Schwarz’s inequality first, and then Minkowski’s inequality, we can get

Dl < C© 10220075 Ay ) (1 + [of?) 5 320 s
[0,T]x T3 :
<[ (L oo s+ kol + o+ a)
T3 R3
X (/ Vo (Arg)| (1 + |v|2)%+1—1|k|—5—%du) dxdtdk
RS
<

C/ 1(982002%% A f) (1 + [v]?) F 32|k ~072 | g
[0,T]x T3 o

| [alopy ( [ |z o st wop s )

5 1/2
d:c) dv

9\ /2
d:c> dv | dtdk.

X /113(1 + |v|2)_1 (/TS ‘[V’U(Akg)](l + |v|2)%+%|k|—6—%

Using Cauchy-Schwarz’s inequality again, we finally obtain

T
D1 < C/ 19220520 A f) (L + o) 3+ F 42K 7073 | 1o g
. :

|00 £) ( + k, 0) (1 + [0]?) T || 2
||V (Drg)] (1 + [0) T k|75 2 dt

x,v,k

sS40 _5—3
< O (Vo Lrg L+ PP R 3 o gy ) +CES) . (T8)

Estimates (77) and (78) together yield

el _5-3
D1l < CKs (el [Vu(ug)](1+ o) 3 K5 0 pa ) + O3 (79)
Similarly, we can get
|D1| < C K3, (80)
As for Ds, by integration by parts,
/ Do gs rdtdzdvdk
[0,T]xT3 x R3 x T3

_/ (92 0 D) (52 0201 1) (D, g ) (1 + [0]*) /2 k|0 2 dedawdvdk
[0,T]xT3 x R3 x T3

_/ (0507 Ay ) (952052 % £)(Du, (D)) (1 + [v])° k|20~ dtdwdvdk
[0,T]xT3 x R3 x T3

_S/ (0910 Dyasg ) (052024 £)(Drg)
[0,T]xT3 x R3 x T3
x (1 + |v)?)* Lo k| =2~ 3dtdxdvdk. (81)

We denote the r.h.s of the above equality by D31 4+ D2 2. When |aq| + 81| < [%] +1, we use Lemma
3.1 to get the estimate

2 y+4
10520 Aisjll e < C(L+ [0*) 72 (ARSI A+ [0]?) 7= || v
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Proceeding like in the estimate for Bs 1, we can get
s _5-3
1Daa] < CKs (e[l D) (1 + o) 345 K] 20 mype )+ Ce3) (s2)
When ||+ [B1] > [5] + 2, we get by Sobolev’s embedding,

@200 4% F) (L + [o*) 3+ 342 e, < CU@2 052 F)(1+ [0]) 552 g

T,V

Since Agas; = aij %y O f, we see that
02008 S| < CO+ WPVE [ 020 A @1+ 1) E
and therefore

Dyl < C / 1(02208+55 ) (1 + [o]2) E+H+2] g
[0,T]xT3 “r

<[ ( / |831851Akf|<1+|v|2>”¥2|k|-6-3dv)
T3 R3
X (/ Vo (Arg)|(1+ |v|2)§+%1|k|‘sgdv> dzdtdk.
R3

Estimating this quantity like we did for D, ;, and using the hypothesis of our lemma, we end up with

D] < Oy (€l[Vul kgL + o) 3 0220 mypa )+ Ca). (53)
Similarly, we can get

|Dao| < CKS. (84)

Collecting (79) - (84), we end up with

/ V1igs pdtdxdvdk
[0,T]xT3 x R3 x T3
£l _5—3

< O (Valbag) U+ o) 2 e+ CeED)). (55)

As in the end of the proof of Lemma 4.1, we can conclude the proof of Lemma 4.3 by choosing e
small enough.

We finally write down a lemma allowing to recover a fractional derivative in x for the solution of
eq. (1) when we start from a function which lies already in a fractional Sobolev space.

4.4 Gain of a 1/20 of a derivative in z starting from a Sobolev space whose
index is not an integer

Lemma 4.4 Let~y € [-2,1], N > 8 be a given integer, § €]0,19/20] and let f be a smooth nonnegative
solution of eq. (1) such that assumption A holds for a given constant K. We suppose that for any
T €]0,+o0[ and s > 0, there exists K3 = K3(v, N, 0, K, T, s) such that

||f(07'7')||H§j‘5v3 < K, HfHLoo 0,7);HY 2 < K3, ||f||L2 0,T);HY 92 < Kj. (86)
, < (0,T];Hz,v) ([0, T He 5 ™)

Then for any T > 0 and s > 0, there is a positive constant 6’4 which depends on N, s, v, T, K, K3
and &, such that

S s < G, (&)
T %

where h is given by (33).
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Proof of Lemma 4.4 Noticing that

| lasatmfPdt = ).
T
we know that

(87) < Dm0 h(m) Pdtdv < Cy

3
[0,T]xR? =73

& 7m0 g5 k(m) | Pdtdvdk < Cy

3 3
[0,T]xR3 x T mez3

& 195,511,110 dtdvdk < Ci. (88)
[0,T]xR3 x T3 e

In order to prove estimate (88), we use the method of the proof of Lemma 4.2. We introduce
Pk = go.x(1+ |v]?)?, and write (for ps x the Fourier coefficient with respect to x of ps ) :

Pt m,v) = [ﬁs,ku,m,v) (ot ) 5o xe><v>} FGer(tom ) s, (89)

the parameter € being chosen later.
Following the proof of estimate (54), we get

(1+ o)~ | '/10
~/[0,T]><R3 x T3 Z

mezZ3

2
Do (6, m,v) — (o, (t, M, +) %y Xe) (V)| dtdvdk

< C S m|Y 0|V ps k(t, m, v) P dtdvdk. (90)
[0,T]xR3 x T3 —7s

Notice that psj is the solution of equation (66) where s replaced by s + 4. As a consequence, we can
write

Oupse + v - Vapsr = 5+ Vo - s (91)

where pgl,i consists in the sum of the terms IV, Vo, V5, VI, and V4.

We claim that pgllz,p((f,z € L{([0,T]; L3, ). We only present the estimate for the term VI, in the
case |B| > 1 here, the others being similar. We write

A’“<(a”?1851‘_‘iﬂ')(‘993“235”‘”f>) (L+ Jof?) ¥ k0%

= (02100 aij(w + k) (022000 A f) (1+ [of?) 5 k| 7073

(0 0 D) (9220 ) (1 + [of2)*F k] 70,

and we only estimate the first term of the r.h.s of the above equality, the estimate for the second term
being similar.
When 1 < |a;|+ |81 < [§] + 1, we know thanks to (20) that

[e% — _at2
19920 @i (@ + k) (1 + [o*) 77 |l L o1y:22e,) < C K.

Thanks to the hypothesis of our lemma, we see that

o P e i st g 1—6—2
1052 02 s (x + ) (022050 A f)(A + o) = k™22 2o,z )

z,v,k

. s+v+6 s 3
CR|(02057 4% A f) (L 4+ [02) “F k703 a0 2

t,v,k)

CK2. (92)

IN

IN
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When |on| + [B1] > [§] + 2, we know that

styts

195202 % A f) (L + [v]?)
< Cl0720 0 D f) (1 + [vf?)

k2 e,

SEE R g

+2

Remembering that |a(v — v,)| < Clv — v, 772 < C(1 + [v]2)2" (1 4 |v.]?) =", we see that

a1 901 = —afa
(0508 ale + )1+ o)~ 5 22

C/TSXRB(H|v|2)*2 </R3
¢ T3 (~/R3

Using Minkowski’s and Holder’s inequalities and proceeding like in the study of the term I71; in the
proof of Lemma 4.2, we get

IN

2
0% P f(x+ kv | (1 + |v*|2)%“dv*) dzdv

IN

2
2019 f(x 4+ k,v)| (14 |U|2)72+2dv) dx.

a1 501 = o
102 0 alw + k) (1 + o) "2 12z

1/2 2
C</ (/ |8§‘1851f(x+k,v)|2(1+|v|2)7+4d3:) (1+|v|2)_1dv>
R3 T3

c/ 109105 F12(1 + |v]?)Y T dadv.
T3 x R3

IN

IN

Thus, using Holder’s inequality and the hypothesis of our lemma, we get

s+4

10505 aij (@ + k) (05202 A f) (L + o) = K~ a0, 2y,22 )

+w+

< Ol Af) L+ [ol) "2 K22 oy st )
<[220 a(x + K)(1 + [vf?) 7% ||2Lt°°([o,T];L,3°(L§’v)) < CKj3. (93)
Proceeding like in the estimate for (63), we can get

1+ m|1/10
~/[O,T]><R3><T'*( | | Z | |

mezZ3

2

(Ps.re(t,m, ) % xe)(v)| dtdvdk

11 ~ ~
< C Z |m|10 2( Ote )(Hp&k(ovm?')”%z’k +||p5,7€(t7m7')H%f([o,T];Lgyk)

~(1 ~(2)
HIBEAE s Vo2 )+ DS M Bz 0,110 ) ) - (94)

Choosing € = |m|~1/%0, we get (using (90)),

/ L+ o)~ S [l /10 () Pdtdudk < C, (95)
[to,T]xR3 x T3

meZ3

which implies the estimate (88). This ends the proof of Lemma 4.4.

We now finish the proof of Proposition 4.1.
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4.5 Proof of Proposition 4.1

We begin by applying Lemmas 4.1 and 4.2. We obtain that fOT [l £(8,-, )||2 N1/206 df < +o00. As a
consequence, we can find some time t; €]0,¢,[ such that || f(¢1, -, ')||HN+1/20 . < +oo.

This enables to use Lemmas 4.3 and 4.4 for the function f(- —t1,-,-) and obtain that
ftl [1£(8, ,-)||2 N+2/20,0 df < +oo. As a consequence, we can find some time to €]t1,t.[ such that

||f(t27 7')||HN+2/20 < 400.
We iterate this procedure (that is, Lemmas 4.3 and 4.4) nineteen times and obtain that (for some
ti9 E]O, ty D

T
/ ||f(9a K ')”25320/20,3 df < +o0. (96)

tio

As a consequence, we can find some time tag €|t19, t«[ such that
£ (20, -5 )| Fra+1.s < Fo00. (97)

Taking into account estimates (96) and (97), we use then a last time Lemma 4.1 (with N + 1
instead of N and for f(- —ts,-,-)) and obtain that f € L*([t,,T]; HYf"*), so that Proposition 4.1
is proven.

5 Proof of Theorem 1.2 in the case v € [—2, 1]

We now end up the proof of Theorem 1.2 in the case when v € [-2,1].
Using Proposition 4.1 repeatedly, we get by induction of N that for any 0 < 7 < T < +o00 and
s>0,
fe L ([r, T]; Hyy').- (98)

We now prove by induction on n that 07 f € L*([r,T]; H%®). According to (98), this is true
for n = 0. Let us assume that the induction hypothesis holds for any integer k& < n. Then for all
multi-indices o and 8 and s > 0,

{6385(6%#)] (14 vf*)7? = - (aga{f[v : Vm(aff)]) (1 +[0[2)*/2

+070,) {Z Ci'Vy - {(a %0 (011)) V(07 f) = (b*y (3if))(3?lf)} } (1 +[of*)*/?

n
=0

02000 V.0 ) L+ PP+ Y iozlcglcf[(aslaf,’l(%*v<aif>>)

ajtag=a |=Q
B1+B2=p

. (aazaﬁzamav] o lf) A+ o) + (aslaflavi (a5 %o (aif») (aszafzavja?ﬂ 1+ o)
~(om0r i i) ) (o0r00rr) (4 )
- (aslaflam (b o <aéf>>) (az2af2af-lf) 1+ |v|2>5/2]

We denote the r.h.s of the above equality by E + Z?:l G;. It is clear that E € L%v thanks to the
induction hypothesis. Let us then consider the terms G;. Using Lemma 3.1, we see that

a1 501 xi2 a1 51 R
18510 (aij *0 (Oif)|zge < O+ o) = (05107 /) + [01*) = |z,
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and therefore

Gl Lsetr522 )

a1 981 RE a2 982 n—
< OO 07 0 )+ [01*) = || e (2 ) (952 052 00,00, 07~ ) (1 + [0]?)

sty+2
ez,

From the induction hypothesis, we conclude that G € Li,v' The other terms can be treated in the
same way.

We now briefly explain how the estimate that we obtained up to now can be made independent
on T. We observe that for any s > 0, N > 0, 7 €]0, 1[, 8 > 0, the norm

sup - sup [[OF F(O+1,- )] n s
|k|<N t'€[r,1] ’

has been estimated from above by a constant which depends only on 7,s, N,7 and the Hg:f,/ (for
any s > 0) norm of f and the constant K appearing in (9) for times ¢t € [0,60 + 1]. Since those
quantities are supposed to be bounded on [0, +oo[ (Cf. Assumption A), we see that for any 7 > 0,
fe W ([r, +00f; Nexo HZY").

This ends the proof of Theorem 1.2 when v € [-2, 1].
Remark 5.1 Notice that in order to have a completely rigorous proof, all the estimates above should

in fact be made on a version of equation (1) with smooth data and then extended to the solution under
consideration by a passage to the limit. This leads to no difficulty.

6 The case v € [—3, —2]

In this section, we present the main differences in the proof of Theorem 1.2 when ~ lies in [—3, —2[
instead of lying in [—2,1]. The differences are concentrated in the treatment of inequalities like

la(v = v.)| < Clo — 0772 < CL+ o)™ (1 + [ ?) 5. (99)

Indeed, this inequality holds when v > —2 only. When v € [—3, —2], estimate (99) is no longer true,
and has to be replaced by inequlities used in (27) - (30) and which ensure that

/ v — 0, 20D (1 + v, [2) " 2dv, < C. (100)
R3

Since apart from this modification, the proof is very similar to that of the case v € [—2,1], we
only show the estimate for a representative term. We choose for that the first term on the r.h.s of
(46) in the case 3] > 1.

When |oq |+ [B1] < [§] + 1, we know thanks to Lemma 3.1 that

109407 @i || Loe (p0.17:52,) < CKo.

Then,

|/[ e OO )OO 1) Oug) (1 + o) didade
,T] % X

IN

C Ko <e|<vvg><1 PR oy + O, T].Hm%))

IN

€ Ko (Va1 + [0P) 5 gy + CoR).

26



When |oq |+ [B1] > [5] + 2, using Sobolev’s embedding, we get
102205 £)(L + [0l 2753 e 0,720,
< OO0 )L+ [P 2 F e 0,11, ) < CKo.

Then, thanks to (100),

/[0 TIT® x R (80418510,1 )(80&2852+51f)(8 g)(1+|’U| ) dtdadv
xT3 x R3

IN

CKQ/ (/ |v — U*|7+2|8xalaflf(v*)|d,u*) |va|(1 + |U|2)%+%_1dtdxdv
[0,T]xT3 x R3 R3

1/2
craf ([ emopnasipiPa) ([ 19.6l00+ 1R ) da
[0,T]xT3 \JR3 RS

Using then Cauchy-Schwarz’s and Minkowski’s inequality, we get

IN

/[0 TIxT R (8%3[51@1 )(80128[52+5Jf)(8 g)(l + |1)| ) dtdzdv
xT3 x R3

T 1/2
< cra [ [[ Koot b Pl
0 T3 x R3
9 1/2
X / (1+ vt (/ ’(va)(1+|v| )i+ d:zc) dv | dt
R3 T3
T 2 1/2
< CKO/ / (02108 F)(1 + [v]?)| dado
0 T3 x R3
9 1/2
« / (Vog)(1+ [v]2)3+3| dadv|  dt
T3 x R3
<

C Ko (el(Vog) 1+ P) R s 0132 + CellF a0 mperey)
< CKo (el(Vug)(1+ 03330 10 ) + CKGE)

The other terms appearing in the various estimates of the proof of Proposition 4.1 and Theorem
1.2 in the case when v € [—3, —2[ can be treated in the same way.

References
[1] R. Alexandre and C. Villani, On the Boltzmann equation for long-range interactions, Comm.
Pure Appl. Math., 55, 1 (2002), 30-70.

[2] R. Alexandre and C. Villani, On the Landau approximation in plasma physics, Ann. Inst. H.
Poincaré, Anal. Non Linéaire, 21, 1 (2004), 61-95.

[3] A. A. Arsen’ev and O. E. Buryak, On a connection between the solution of the Boltzmann
equation and the solution of the Landau-Fokker-Planck equation, Math. USSR Sbornik, 69, 2
(1991), 465-478.

[4] L. Bernis, Etude mathématique d’ équations aux dérivées partielles issues de la physique des
plasmas (Viasov-Poisson et Vlasov-Poisson-Boltzmann ), PhD Thesis, Université d’Orléans, 2006.

27



[5]

F. Bouchut and L. Desvillettes, A proof of the smoothing properties of the positive part of
Boltzmann’s kernel, Rev. Mat. Iberoamericana, 14, 1 (1998), 47-61.

F. Bouchut and L. Desvillettes, Averaging lemmas without time Fourier transform and application
to discretized kinetic equations, Proc. Roy. Soc. Edinburgh, 129A, 1 (1999), 19-36.

L. Boudin and L. Desvillettes, On the Singularities of the Global Small Solutions of the full
Boltzmann Equation, Monatschefte fir Mathematik, 131, 2 (2000), 91-108.

S. Chapman and T. G. Cowling, The mathematical theory of non-uniform gases, Cambridge
Univ. Press., London, 1970.

P. Degond and B. Lucquin-Desreux, The Fokker-Planck asymptotics of the Boltzmann collision
operator in the Coulomb case, Math. Mod. Meth. Appl. Sci., 2, 2 (1992), 167-182.

L. Desvillettes, About the Use of the Fourier Transform for the Boltzmann Equation, Riv. Mat.
Univ. Parma, 7, 2 (2003), 1-99 (special issue).

L. Desvillettes, On asymptotics of the Boltzmann equation when the collisions become grazing,
Transp. Th. Stat. Phys., 21, 3 (1992), 259-276.

L. Desvillettes and F. Golse, On a model Boltzmann equation without angular cutoff, Diff. Int.
equation, 13, 4-6 (2000), 567-594.

L. Desvillettes and C. Villani, On the Spatially Homogeneous Landau Equation for Hard Poten-
tials, Part 1: Existence, Uniqueness and Smoothness, Comm. Partial Differential Equations, 25,
1-2 (2000), 179-259.

L. Desvillettes and C. Villani, On the Trend to Global Equilibrium in Spatially Inhomogeneous
Entropy-dissipating Systems, Part I : The Linear Fokker-Planck Equation, Comm. Pure Appl.
Math., 54, 1 (2001), 1-42.

R. DiPerna and P. L. Lions, On the Cauchy problem for the Boltzmann equation: Global existence
and weak stability, Ann. Math., 130, 2 (1989), 312-366.

R. DiPerna and P. L. Lions, Global weak solutions of Vlasov-Maxwell systems, Comm. Pure
Appl. Math., 42, 6 (1989), 729-757.

F. Golse, P. L. Lions, B. Perthame and R. Sentis, Regularity of the moments of the solution of
a transport equation, J. Funct. Anal., 76, 1 (1988), 110-125.

Y. Guo, The Landau Equation in a Periodic Box, Comm. Math. Phys, 231, 3 (2002), 391-434.

R. Illner, M. Shinbrot, Global existence for a rare gas in an infinite vacuum, Comm. Math. Phys.,
95, (1984), 117-126.

E. M. Lifshitz and L. P. Pitaevskii, Physical kinetics, Perg. Press., Oxford, 1981.

P. L. Lions, Compactness in Boltzmann’s equation via Fourier integral operators and applications,
I, 10, J. Math. Kyoto Univ., 34, 2 (1994), 391-427, 429-461.

X. Lu, A direct method for the regularity of the gain term in the Boltzmann equation, J. Math.
Anal. Appl., 228, 2 (1998), 409-435.

S. Mischler and B. Perthame, Boltzmann equation with infinite energy: renormalized solutions
and distributional solutions for small initial data and initial data close to a Maxwellian, SIAM
J. Math. Anal., 28,5 (1997), 1015-1027.

C. Villani, On the Cauchy problem for Landau equation: sequential stability, global existence,
Adv. Differential Equations, 1, 5 (1996), 793-816.

B. Wennberg, Regularity in the Boltzmann equation and the Radon transform, Comm. Partial
Differential Equations, 19, 11-12 (1994), 2057-2074.

28



