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Abstract: We prove global existence in time of weak solutions to a class of
quadratic reaction-diffusion systems for which a Lyapounov structure of L log L-
entropy type holds. The approach relies on an a priori dimension-independent
L2-estimate, valid for a wider class of systems including also some classical
Lotka-Volterra systems, and which provides an L'-bound on the nonlinearities,
at least for not too degenerate diffusions. In the more degenerate case, some
global existence may be stated with the use of a weaker notion of renormalized
solution with defect measure, arising in the theory of kinetic equations.
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1 Introduction

To introduce the purpose of this paper, let us consider the following 4 x 4
reaction-diffusion system (arising in reversible chemistry, Cf. [BD]) set on a
regular bounded domain Q ¢ RY: for i = 1,2, 3,4,

8,5(11- — dZAaZ = (71)1.[(110,3 — a2a4]
n-Vya; = 0 on 0f) (1)
a;i(0) = ajpp >0,

where the d; are positive constants, a;o € L*(Q2), and n denotes the outer
normal to 02. The existence of a positive regular solution locally in time is
classical. The global existence in time of a regular solution is not so obvious,
and is even an open question in higher space dimensions. However, besides
the preservation of positivity, this system offers some specificities which may be
used to prove at least the existence of global weak solutions in time.

Indeed, a main point is that the nonlinear reactive terms add up to zero.
Then, according to the Remark 2.2 in [PSch], it follows (by a duality argument)
that the a; are a priori bounded in L?(Q7) for any T where we denote Q1 =
(0, T)xQ and for any dimension N. Consequently, the nonlinearities are a priori
bounded in L*(Qr) for all T. Now, it follows from the results in [Pie] that the
above structure, together with L'-bounds on the nonlinearities, provides the
existence of global weak solutions (see below for the meaning). We recall in the
Appendix the main steps of this approach.



Here, we would like to extend the use of the dimension-independent L2-
estimate just mentioned and show how it can be quite more exploited for this
kind of systems and how it is robust enough to carry over to variable diffusion
coefficients and even to degenerate diffusions coefficients. Let us explain our
goals on the above specific system.

As it is well known, besides the property Y. fi(a) = 0 (where we denote
a = (a1, a2,as,a4) and f;() is the i-th nonlinearity), it also satisfies the entropy
inequality

Zlog(ai)fi(a) <0. (2)

As a consequence, if we denote z; = a; log(a;) — a;, one has
(Zl + z9 —+ z3 —+ Z4)t — Am(dlzl + d222 + d323 + d4Z4) S 0

Using the same L?-estimate as the one just mentioned (see Appendix and The-
orem 3.1), we can prove that z = Y, z; is bounded in L?(Qr) for all 7. This
means that, not only the right-hand side of (1) is bounded in L', but it is
uniformly integrable. Therefore, if we consider a good approximation of the sys-
tem for which global existence in time of classical solutions holds, the nonlinear
terms are uniformly integrable. On the other hand, by compactness properties
of the heat operator, the L*(Q7)-bound of the right-hand side provides L' (Qr)-
compactness of the approximate solution (a™), and, up to a subsequence, con-
vergence a.e. of the nonlinear terms. This, together with uniform integrability,
yields convergence of the right-hand side in L!. As a consequence, we obtain
global existence for (1) using only the L?-estimates.

This is what we show below for a general class of systems for which a struc-
ture of type (2) exists. Moreover, we show how the main L?-estimate may be
extended to time-space dependent diffusions (and therefore to some quasi-linear
problems) and even to some degenerate situations. It may also be applied to
some classical quadratic Lotka-Volterra systems for which global existence of
classical solutions is unresolved in high dimension (see [Leung],[FHM]).

In the last part of the paper, we provide some alternative when the nonlin-
earities are not bounded in L'. This is for instance the case when the diffusions
are very degenerate. We then take up ideas around renormalized solutions from
the theory of kinetic equations (see e.g. [DiL, CIP] for Boltzmann’s equation
of gas dynamics), or more precisely, renormalized solutions with defect measure
(Cf. [V2, AlV1, AlV2] for Landau’s equation of plasma physics and Boltz-
mann’s equation without angular cutoff). In particular, for some typical exam-
ple of such a very degenerate situation, we prove convergence of approximate
solutions toward renormalized global solutions with defect measure. Another
situation where those renormalized solutions are useful is described : it occurs
when higher powers of nonlinearities appear in the reaction term.

Finally, we present briefly in an appendix a short proof of the duality argu-
ment in the simplest case (this proof is taken from [Pie, PSch], and the a priori
estimates which are obtained without using the duality argument, by an ap-
proach centered on the entropy estimate (such an approach was used for getting
explicit rates of convergence toward equilibrium for reaction diffusion systems

in [DF)).



2 Notations and general assumptions

All along the paper, we will use the following general notations and assump-
tions: we denote by ¢ > 1 the number of equations of the system, and, for all
1 =1,...,q, we are given:

e d; € Cl([(),—i—oo) X ﬁ),di > 0, with V, d; € L®(Qr) (that is o =
23211V \/d_z'HLoc(QT) < oo for all T'),

o f:(0,400) x 2 x [0,400)9 — R? measurable and ”locally Lipschitz
continuous”, that is: for f = (fi,..., f;) and |-| denoting the Euclidean
norm in RY:

there exists k(-) : [0, +00) — [0, +oo) nondecreasing such that
e.(t,z) € (0,400) x Q,and Vr,7 € [0,4+00)7 : 3)
|f(t 2.7) — f(t, 0, )] < k(max|rl, [7]})Ir — 7],
and VT >0: [(t,z) — f(t,z,0)] € L=(Qr),
e and the positivity preserving condition
e.(t,x),Yi,¥r € [0,+00)? . fi(t,x,1,...;7-1,0,7541,...7¢) > 0.

For simplicity, we will often write f(r) = f(t,x,r), even when f does depend

n (¢, ).

We will consider the following reaction-diffusion systems: for all : =1, ...,q

ataz (d V az) = fi(a)a
n-Vya;, = 0 [orVi=1,..,q, a;=0]on 9. (4)
az(O) = Q50 Z 0.

By regular solution on (0,T"), we mean a function a € C([0,T) x Q) such
that

ataia azkai; azkmlaia fi(a) € LQ(QT)

and which satisfies the system pointwise a.e. (with the boundary condition as
well).

By weak solution, we mean a solution ”in the sense of the variation of con-
stant formula”, that is, f(a) € L*(Qr)? for all T and

vVt >0, a(t) = S(t)ao + /0 S(t—s)f(a(s))ds, (5)

where S(t) is the linear semi-group associated with the linear part of the system
with the same boundary conditions (that is, ¢ — S(t)ao is solution of the system
with f = 0 and the initial data a(0) = ao).

For the definition of renormalized solutions, we introduce truncation func-
tions Ty : [0,4+00) — [0,+00) of class C?, nondecreasing, concave and such
that

Vr e [0,k —1],Te(r) =r, Vr > k+1,Tip(r) =k, Vr, 0 < Ty.(r) < 1. (6)



By renormalized solution with defect measure, or “renormalized superso-
lution”, we mean a function a € LY(Qr)? with T}(a;)fi(a) € LY (Qr) and
T/ (a;) d;V, a; € L*(Qr) such that, for all k >0 and all i = 1,...,q

0 Ti(a;) = Vi - (diN Ti(ai)) > Ty(aq) fi(a) — Ti" (as) dil Vs @il (7)

If such a renormalized solution is regular enough so that f;(a) € L'(Qr) and
d;V a; € LY(Qr), then we may let k tend to +oo in (7) to obtain

Ora; — N -(diN a;) > fi(a). (8)

Next, if on the other hand, the nonlinearity presents some kind of dissipative
law like:

Zfi(a) S 07 (9)

then we do obtain the reverse inequality in (8) for renormalized solution ob-
tained as limits of regular solutions, and we are led to a (weak)-global solution
(see Appendix and the proofs of Theorem 4.2 and Corollary 5.1 for such a two-
sided approach). Note that all the renormalized solutions built in this paper
correspond to cases where (9) is satisfied.

About uniform integrability. In several proofs, we will use the following fact:
let (Up)n>0 be a bounded sequence in L!(Q7) satisfying the two properties
e (U,) is uniformly integrable, that is: Ve > 0, 35, > 0 such that

[K C Qr measurable, |[K| <4, = [Vn >0, / |U,| < €, (10)
K

e (U,) converges a.e. to U.

Then, (U, ) actually converges in L*(Qr) to U. Indeed, recall that, by a.e. con-
vergence, for all e > 0, there exists K C Q1 measurable such that |K| < d. and
(Uy,) converges uniformly to U on Qr\ K. We then couple this with the uniform
integrability. Note that (10) is satisfied as soon as sup,, fQT O(|U,|) < oo where

® : (0,00) — (0,00) is an increasing function such that lim, 4. ®(r)/r = +o0.

Last remark: We will always consider nonnegative solutions.

3 The main L2-estimate

The main result of this section is the following.

Theorem 3.1 Assume that f satisfies the general assumptions of Section 2 and

q

Vr € [0,400)%, a.e.(t,x), Y hi(ri)fi(r) < O(t,x) + “Z hi(r),

=1

where © € L7, ([0, +00), L*(2)), p € [0,400) and fori=1,...q

loc

hi : [0, +00) — [0, +00) is convex continuous, € W,2>°(0, +-00), h;(0) = 0.



Let a be a regular positive solution of (4). Then, setting z; = hi(a;),z =
S zivza =Y dizi, we have

/ 220 < C (22 + T1OF2er) ) -

T
where C' = C(p, 0, max;{||d;||cc }, T, €2).
Remark: Note that

min{inf d; } 22 S/ Z 24.
i Qr Qr T

Therefore, in the nondegenerate case (that is: min,{infg, d;} > 0), 2 is bounded
in L?(Qr). It is interesting to notice that the product z z4 is always bounded
in L'(Qr) independently of a lower bound for the d;’s (that is to say, even if
the system is degenerate).

We may slightly improve the dependence in z(0) in estimate (11) (see the
Remark after the proof).

In the case of Dirichlet conditions, we may choose C' = C(€)e2(*+m7T (see
(17),(18) in the proof). If moreover 0 = o = u = O, we obtain an estimate up
to T' = +o00, namely

min{inf d;} 2 < / 224 < C(Q)]2(0)[122()-
? [0,400) xQ2

[0,400) xQ2
This provides a first information for the asymptotic behavior of a(t) in the glob-

ally nondegenerate case (min;{inf d;} > 0).

Proof: It is adapted from the particular case 0 = p = © = 0 (see [PSch] and
also the Appendix which may be used in a first reading).
Using h > 0, we have for all i:

Ozi — Vi -(dig zi) < hi(ai) fi(a),
so that
0z =V - (> diVez) <Y hi(a)fi(a) < O + pz. (12)

Let us estimate z by duality. If we multiply the above inequation by some w > 0
regular enough, with w(7T") = 0, and satisfying the same boundary conditions as
the a}s, we obtain

—/ w(0)z(0) — / wez +w Vg (Z d; NV, z;) < / pzw + Ou
Q T T
or also, after integration by parts
—/ w(0)z(0) — / wez + Zzin (d;Vpw) < / pzw + O,
Q Qr T

where we used

/ deiszrnf VzwﬂZdizi =0.
o0



Thus

Ow + / w(0)z(0) > — / z(ws + AAw + B-V, w + pw), (13)
Qr Q T

where we set
A:=2zq4/z, B:= (Zzivm d;)/z where z #0,
A :=min{infd;}, B=0 where z=0.

The dual problem: To estimate z by duality, we introduce the following dual
problem where H € C3°(Qr) is an arbitrary nonnegative test-function and the
boundary condition is the same as for the als:

—(wy + AAyw+ B-NVw+ pw) = HVA, } (14)

n-Vyw =0, [resp. w o = O] on 9, w(T)=0.
Thanks to the nonnegativity of the z;, we have

0 < min{infd;} < A < max{maxd;}.

If A, B are regular enough and min;{inf d;} > 0, then up to changing ¢ into T'—t,
(14) is a good classical parabolic problem for which a unique positive solution
w exists (see e.g. [LSU]). In general, we solve (14) for regular approximations
Ay, B, and we plug w = wy,, its solution, into (13). It is easy to pass to the limit
in (13) using the estimates that we are going to derive on w,. In particular,
they will not depend on min;{infd;} and neither on the regularity of A,, B,.
Therefore, in what follows, we drop the m-indices and we make estimates on
problem (14) assuming enough regularity.

With 0 =237, IV Vdillo = 32, Ve di/ Vdi| 0, we have
1Bl < o> siv/di) )z = o Vavz/di) [z < 02 22)% 2 = o VA
We deduce for the dual problem (14) that
—(wy + ADyw) < VA (0| w| + H) + pw. (15)

Multiplying (15) by —Aw and integrating over Q give for all ¢ € (0,7):

—53 Jo Ve w®)]? + [ A(Azw)?
< Jo VAIAw|(o| N w] + H) + p [, |V w].

We set 8(t) = [, [V w(t)]?. By Young’s inequality, the right-hand side of (16)
may be bounded from above by

1
—/A(Amwf—i—/ (02|Vzw|2+H2+u|wa|2).
2 Q Q

(16)

All this may be rewritten

50~ 20+ i) + |

A(A,w)? < 2/ H?.
Q Q



We deduce, setting p(t) = e2(" 1t that
d
-G O0B0) + p(0) [ AP < p(0) [ 212

Q

We integrate from ¢ to T and use w(T") = 0 to obtain

vt € (0,7), p(t)ﬂ(t)Jr/tTp(T)dT/QA(Axw)Q < /tTp(T)dT/Q2H2(T),

which implies

/ |V, w(t)|? +/ A(Aw)? <2p(T) | H (17)
Q [t,T)xQ Qr
Recall that, for some C' = C(Q)
Jow ( )2 if w =0 on 9N
% w(t)” { Jo(w(t) — %fg in all cases. (18)
We can bound the averages of w(t) by going back to the equation (14) and using
that
Joetw(t) = - f[t,T] g €7 (we + pw)
< e [y 1AM w+ B-Vw + HVA (19)
< Vmax; [[difloo C(T, p, 0, Q1) ([, H?)'?,
so that we get in all cases
sup / w(t)? < C H? C=0C(u,0,max | d;i|lco, T, Q). (20)
te(0,7] /Q Qr

Back to the estimate of z: We now come back to the inequality (13) which writes

/ ZH\/ZS/ @w+/ﬂw(0)z(0). (21)

Note that [, w(0)z(0) < [[w(0)]|L2(0)[|2(0)|| L2(q) and
/ Ow < [0l 2(@n 1wl z2@r) < [18ll120m VT sup_[[w(t)llzz o).
Qr t€(0,T]
Since H is arbitrary, we deduce by duality from (21),(20) that

/ 220 = VA2 (g, < CllIZO)72() + T1ONI72(q,)-

Qr

Remarks: Note that we actually get, not only an L2-estimate for the solution w
of (14), but even ”"maximal regularity” in L?(Q7) for this equation in the sense
that: if H € L?(Qr), then v AA,w,w; and V, w are separately in L?(Qr). We
refer to the comments in [PSch] for the same questions in L?.

We may improve the dependence on the initial data in Theorem 3.1 by using
Sobolev imbedding in (18). Indeed, we may use instead

(/Qw(o)p>2/p <C (/Q |V w(0)]* + /mw(o)2> , (22)



forp=+4c0if N=1,any p< 400 if N=2and p=2N/(N —-2)if N > 3.

As a consequence, using [, w(0)z(0) < [[w(0)||zr||2(0)||ze in the proof instead
of an L?-duality, in Theorem 3.1, we may replace [|z(0) 120y by |2(0)] Laq)
where g =1if N=1,any ¢ > 1if N =2 and ¢ = 2N/(N + 2) if N > 3. This
allows to solve the systems with weaker assumptions on the initial data.

4 Application to quadratic systems

Let us apply the above estimates to systems similar to the one given in the
introduction, that is where the nonlinearity is at most quadratic and where the
”entropy” is controlled.

Theorem 4.1 Besides the assumptions of the introduction, assume that:
- the function k(-) in (3) satisfies k(r) < C (|r| + 1),
-Vr e (1,400)4, a.e.(t,x), Y, log(r)fi(t,z,r) < O(t,x) +pd,rilogr; where
O € L*(Qr),p € [0, +00).
-3dp € (0,+00) such that, Vi =1,...,q, 0 < dg < d;.

Then, the system (4) has a global weak solution in any dimension for all
nonnegative initial data ag such that |ag|log(|ag|) € L2(£2).

Remark: As noticed at the end of the previous Section, we may relax the con-
dition on the initial data to |ag|log(|ao|) € LI(2) for some ¢ < 2 well-chosen.

Proof of Theorem 4.1: We regularize the initial data and we truncate the
nonlinearities f; by setting f(r) := ¢¥n(r) fi(r) where 1, (r) = ¥1(|r|/n) and
1 1[0, +00) — [0,1] is C* and satisfies

VO<s<1,¢1(s) =1, Vs > 2,91(s) = 0.

Then, we easily check that the function f™ satisfies also the assumptions of the
introduction and of Theorem 3.1 where we set h;(z) = [zlog(xz) — z]T (note
that r;logr; < 2h;(r;) for large r;). Moreover f™ is bounded on Qr for all
n. Therefore, by the classical theory of existence (see e.g. [Ama85], [Rothe],
[LSU] and their references), the approximate system has a unique regular global
solution a™ on (0, 00) for regular approximations af of the initial data ay.

We now apply Theorem 3.1 with h; chosen as above. It follows that a log(al")
is bounded in L?(Qr) independently of n. Since, the nonlinearity f is at most
quadratic, it follows that f™(a™) is uniformly integrable on Q1. By compactness
of the linear operator in L'(Qr) (see e.g. [BP]), we may assume (up to a sub-
sequence) that a™ converges as n — +oo in L'(Qr) and a.e. to some a, this for
all T. In particular, f™(a™) converges a.e. to f(a). But, uniform integrability
on Qr and convergence a.e. imply convergence in L'(Qr). Consequently, we
can pass to the limit in the formula

an(t) = S(t)al + / S(t — 5)f"(a"(s)) ds,

and this proves Theorem 4.1.



Remark: The above proof is rather simple thanks to the fact that the L2-
estimate directly provides the uniform integrability of the nonlinearities. The
situation is more delicate when one has only an L!-bound on the nonlinearities.
Then, as explained in the Appendix, we may apply results from [Pie].

As a new example of the usefulness of the L?-estimate, we show here how
one may prove global existence of weak solutions for quadratic Lotka-Volterra
systems of the type described in [Leung] (see also [FHM]) and given as follows:

da = DAza+ AP(a—z2) }

Ve a-n 0on 99, a(0,-) = ao(-) (23)

where the data are : D = diag{di,...,d;} a diagonal matrix with positive
constants d;, P = [pi;] a ¢ X ¢ matrix and z € (0,+00)?. The unknown is
a:[0,T] — L*(Q)* and A = diag(ai, ..., aq). Here fi(a) = a; 3 1_, pij(a; — zj).

Theorem 4.2 Assume there exists ¥ = diag(o1,...,04) with o; > 0 such that

q
Yw € RY, (Sw)' Pw = Z owipi;w; < 0. (24)

4,J=1

Then, the system (23) has a global weak solution on [0, 400) for any nonnegative
data ag € L*(2)1.

Proof: We obtain an a priori L?(Qr)-estimate on a by applying Theorem 3.1
with

hi(r) = oi(r — z;) — o;z; log(r/z;) for r > z; and hi(r) =0 for r € [0, z].

Indeed, for r; > z; for all ¢, and by (24)

Zh;(ri)fi(r) = Zﬂi(l — zi/Ti)ri Zpij(rj —25) <0.

i=1

We use an approximation process as in the previous proof (f* = ), f; which
preserves the structure). Since the system is quadratic, the L?(Qr)-estimate
provides an L'(Q7)-bound on the nonlinear part of the approximate system.
According to the results in [Pie], up to a subsequence, the approximate solution
a, converges a.e. and in L'(Qr) for all T to some function a which is a su-
persolution of the problem. This means that there exist nonnegative measures
it =1,...,q on @ such that

8tai - dlAIm = fl(a) + i - (25)
Now, we use the fact that

(Y oial) = e} ovdia) = Y oufl' ("), (26)

where, by (24)
D oiflah) <> oizipig(a) — ).
i 0,J



We now pass to the limit in the sense of distributions in (26): we may use
Fatou’s Lemma for the nonlinear terms, thanks to the previous bound from
above which is linear with respect to a™. We obtain

at(z gia;) — AI(Z oidia;) < Z oifi(a).

But, together with (25), this proves that the measure ) . ojj; is equal to 0
and so is each p; so that the limit a is solution of the system in the sense of
distributions.

To complete the proof, we also need to check that the initial data of a is
indeed ag and that the boundary conditions are preserved. For the Dirichlet
conditions, we may use the bound on a in L*(0,T; W, (Q)) coming from the
L'-bound on the right-hand side of the system (see e.g. [BP]). For the Neumann
conditions, we repeat the above approach but with test functions in C‘X’(@)
rather than only in C§°(Qr). Similarly, we control the initial data by using
test-functions which do not vanish at ¢t = 0. The details are left to the reader
(see also [Pie]).

Remark: other choices of functions h;. Theorem 3.1 may be used with
other choices of convex functions h;:

1. hi(z) = oz with o; € (0,400) is the simplest and corresponds to the
fundamental case where Y, 0; fi(r) < 0. We then get an L*-estimate on
the solution itself and, if f is at most quadratic, global existence of weak
solutions. Since we do not have in general uniform integrability of the
nonlinearity, we act as in the previous proof.

2. hi(r) = 2%. This corresponds to the ”quadratic” Lyapunov structure
> i fi(r) < 0. Theorem 3.1 says that the solution of (1) is then bounded
in L*(Qr) for all T. We may conclude to global existence as in Theorem
4.1 if the growth of f(r) at infinity is strictly lower than |r|*. The limit
case of growth |r|* may be addressed as in the previous proof.

3. Similarly, the same will hold with ”h — subquadratic” systems satisfying
> hi(ri) fi(r) < 0 and such that the growth of |f| at infinity is strictly
less than |h|? (see the last Section).

5 Degenerate coefficients
Let us now consider the case of degenerate coefficients, for instance on the

example given in the introduction, with variable C'-coefficients, namely, for
1=1,2,3,4

atai — VZ (dZVI ai) = (—l)i[a1a3 — a2a4], (27)
V; a;-n = 0 on 0%, (28)

We approximate the problem by regularizing the diffusions with d?* = d; +n~!.
Existence of a solution a™ to the approximate problem is a consequence of

10



Theorem 4.1. The main point is that, according to Theorem 3.1, we keep the
uniform estimate

/ (Z Z?)(Z drz') < M (independent of n).

T 4 i

Theorem 5.1 Assume the d; satisfy the assumptions of Section 2 and that
Jdp € (0,400) such that

di +ds +ds+dy > dg > 0.

Assume ag € L*(Q)*. Then, g,(a) = ata} — ala} is bounded in L*(Qr) for all
T independently of n.

Remark: Obviously, the condition on the d;’s allows that, for instance, three
of them be identically equal to zero, the last one being bounded away from zero.
Or, they may all degenerate, as long as they do not all vanish at the same place.

Proof: We drop the indexation by n. We denote by M;j, Ms, ... positive
constants independent of n. Since ), f; < 0, by Theorem 3.1, we have

/ (Z ai)(z dia;) < M.

%

This implies
/ do min{alag, a2a4} S / (dl + dg)alag =+ (d2 =+ d4)a2a4 S Ml. (30)
T T

Now, integrating the second relation 3 log(a;)fi(a) < 0, we obtain for all ¢ €
(0,7)

Z/ |0,Z' log(az) — az|(t) +/ |10g (alag/a2a4)||a1a3 — a2a4| S MQ. (31)
/e Qr

This implies that, for the set K := [a1a3 > 2a2a4] U [a2a4 > 2a1a3],

1
/ laras — azaq| < / 1 ‘1og(a1a3) — log(a2a4)||a1a3 — a2a4‘ < M.
K K log2

The complement of K is wy Uwy where
w1 = [agaq < ara3 < 2a2a4], we = [a2a4/2 < ajaz < agay).

But, using (30), we obtain

/ laras — azaq| < / G204 = / min{aias, azaqs} < My /dp,
w1 w1 w1

|aras — asaq| < / a1a3 = min{ajag, azas} < My /dp.
w2 w2 w2

Since Q7 = K Uw; U wo, this proves the result.

Let us show on one situation how we may pass to the limit with the help of
Theorem 5.1.

11



Corollary 5.1 Assume hypotheses of Theorem 5.1 and
Vi=1,2,3,4, d; >0 a.e..
Then, the approrimate solution a™ converges to a weak solution of the system.

Remark: Here each d; may vanish on a set of zero Lebesgue measure, but not
all at the same time.

Proof: We take the same approximation as in Theorem 5.1. All the ”formal”
computations which follow are justified since the (weak) solution is obtained as
the limit of regular solutions (see Theorem 4.1). We set g, = ala}y — ayay. We
know by Theorem 5.1 that it is bounded in L'(Q7). Let us use the truncation
function T}, introduced in (6) and show that, for fixed k, Tk (al*) converges almost
everywhere (up to a subsequence). Indeed, multiplying the equation in a? by
Tr(al), we get

/ AT (a)| Y, al'|? gk/ Ign|+/jk(a?(0)),
T QT Q

where j(r) = Ti(r) so that [, jr(a}(0)) is bounded by a constant M (k). It
follows that if o, := d?Tx(al), then

Veon = VdiTe(al') + d} T (al) Ve (al)

3

is bounded in L?(Qr) for fixed k (we use (T})? < T}, and the assumptions on
the d}s). Now,
0Ti(ay) = Ti(a})Orai =Ty (a})(V -(d Vi a!) + (=1)'gn) .
= Vo (T(af)d}'V af) = T, (a7)d [ a}* + Ty (af) (= 1)"gn.

We deduce that 9;Ty(a) = Vzu, + v, where u, is bounded in L?(Qr) and v,
bounded in L'(Q7). It follows that

(32)

Opon = (O d})Ti(al) + Ve (dluyn) — (Vad? un + df vy, = Vil + Op,

where 1, is bounded in L?(Qr) and 4, is bounded in L'(Qr). It follows that
on = dTy(al) is compact in L'(Qr) (see e.g. [Sim87]) so that we may assume
that it converges almost everywhere. Since dj' converges a.e. to d; which is
> 0 a.e., it follows that Ty(al) converges itself a.e.. Since Tx(al) = al' on
a} <k —1, up to a diagonal extraction, we may assume that a}’ converges a.e.
to some a;. Moreover, this is true for any i, and ajas — asaq € Ll(QT).

Now, for all i, since T,;l <0,
OeTi(a;) = Vo -di' Vo Ti(ay!) = Ti(a})(—1)"(af af — ajaj). (33)

Let us show that the negative part G,, := T} (a?)[(—1)g,])~ of the right-hand
side is uniformly integrable.

Let us choose ¢ = 1 (the analysis is the same for the other values of 7). Then,
[Gn, > 0] C [a} < k+1]Naja} < afa}] and, for any K C Qr measurable,

[a=[ a<] afa} — agai)* < (k+1) [ af. (30
K KN[Gr>0] KN[al <k+1] K

12



But, af is uniformly integrable on Qr since |a} log(a})| is bounded in L'(Qr)
(see (31)). Whence the uniform integrability of G,,.

Passing to the limit in (33): For fixed k, Ty (a?) converges in L' (Qr) to Tk(a;)
and d?V, Ty (a?) converges at least weakly in L2(Qr) to d; ¥V, Tk(a;). Thus, we
may pass to the limit in the sense of distributions in the linear part.

Since G,, converges a.e. and is uniformly integrable, it converges in L*(Qr).
By a.e. convergence and Fatou’s Lemma applied to the positive part of the
right-hand side, we may deduce that, for all 4

GtTk(ai) — VZ szm Tk(ai) Z Té(ai)(—l)i(al% — a2a4). (35)

Then, letting & tend to 400, we obtain that a; is a super-solution of the equation,
that is .
Owa; — Vi -di Ny a; = (—1)*(a1a3 — azaq) + pi,

where p; is a positive measure on Q7. But, on the other hand, we may pass
directly to the limit in

dy(at + af) = ¥, -(d}'V; @ + d5 ¥, ay) =0,

so that we obtain that uq + p2 = 0 (and similarly ps + pg = 0). It follows that
the limit is a solution in the sense of distributions.

To control also the initial data and the boundary conditions, we use test-
functions in C>°(Qr) (see the end of the proof of Theorem 4.2).

6 Renormalized solutions for very degenerate
cases

We still consider the following system for ¢ = 1,2, 3,4:

oa; =V (diVpa;)) = (=1)"[a1 a3 — az a4
Veai-n = 0on0f, (36)
al(O) = a0 Z 0.

However, we only assume that d; > 0 a.e. In particular we do not assume
that > d; is uniformly bounded from below as in Theorem 5.1 or Corollary
5.1. As a consequence, we loose the Ll-estimate on the nonlinearity given in
this theorem. Therefore, it is not possible to work with what we called ”weak
solutions” any more since the definition requires that the nonlinearity be at least
integrable. However, a main point is that the functions T} (a;)[a1as — aza4] are
uniformly integrable for all k¥ > 0 and we can reproduce the main steps in the
approximating process of the previous paragraph to prove (see the definition in
Section 2):

Theorem 6.1 Under the above assumptions and |ao|log|ag| € L*(Q), the sys-

tem (36) has a renormalized solution with defect measure.

Proof: We introduce d" = d; + < and a? the (weak) solution of the system

3ta’.l

3

=V (d} Vi a}) = (=1)' (o] af — aj a]), (37)
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with the homogeneous Neumann boundary condition, and a’(0) = a;(0). Its
existence is stated in Theorem 4.1. Since it is obtained as a limit of regular
solutions to approximate systems, all subsequent ”formal” computations are
justified. For instance, the entropy estimate shows that

E/Qzai log a; +/dei TJF/Q(% az —ay a4>10g(a

so that for all T" > 0,

n n n |V af 2
supreo, ) Jo Yo af' (@) logaf! (@) + o, 3o d e (39)
+ Jo, (a a — a3 af) (log(af a}) — log(ag a3)) < Cr.

n n
143

) <0, (38)

n n
2 Ay

We successively prove the following for all k > 0 fized and all ¢ = 1,2,3,4,
where g, = afa¥ — ajal:

o (i) d*T}(a?)|V al|? is bounded in L'(Qr).
e (ii) T}.(a})gn is uniformly integrable on Q7.

e (iii) There exists a; € L'(Qr) such that, up to a subsequence, T} (al’)
converges to Tj(a;) a.e..

Then, we may pass to the limit in
0eTr(a) — Vo -(dN; Tio(a})) = Ty (af ) (=1)'(afas — azaf) — T (a7 )d} [V a}' [,
to obtain that, for all £ > 0

Tr(a;) = - (di ¥ Ti(ai)) = Ti(a;)(—1)" (ar1as — agas) — Ti' (ai)di |V @il
Indeed, by (iii) and dominated convergence, Tx(a?) converges in L'(Qr) to
Ty (ai); by (i), d?*V, Tx(al) converges also weakly in L?(Qr). Hence, we may
pass to the limit in the sense of distributions in the left-hand side. For the right
hand-side, we use (ii) and the weak- L2-convergence of V, a?* on the sets [a? < k].

Proof of (i): It comes from the second term in (39).
Proof of (ii): Let us do it for ¢ = 1 (the other cases are similar).
Let p > 1. Either afa} < palay or ayay > patay and then

< @[GSGZ — ajazl{logaza) —logayaz].

Using this together with (39), we obtain that, for K C Q1 measurable
[ ey aganl < @k [ af O lor)
[a? <k]NK K

which proves the uniform integrability of T} (al')gn since p is arbitrary and a¥
is uniformly integrable.

Proof of (#i): We go back to the proof of Corollary 5.1 and check that the
compactness of \/d' Ty (a}') requires only the bounds claimed in (i) and (ii) (see
(32) and the paragraph which follows it).

14



7 Reaction terms of higher degree

To show how far our approaches may be carried out, we now consider systems
with higher nonlinearities of the following form where p; € [1,4+00), d; are
positive constants and for i = 1,2,3,4

Oa; —d; Aga; = (—1)" (al* af® — ab? af*),
Ve ai(t,z)n = 0 for x € 0, (40)
a;(0,z) = ap(z) >0.

The general philosophy is the following: if we can obtain a priori L'(Qr)-
estimates on the nonlinearities g = af'a%® — a5*a}*, then we obtain existence of
a weak solution. If we can at least obtain uniform integrability on T} (a;)g for
all £ > 0, then we obtain renormalized solutions.

We are able to prove the following.

Proposition 7.1 Assume |ag|log|ao| € L*(Q). If p; <2 for alli, then (40) has
a renormalized solution (with defect measure) in any dimension. In dimension
1, it is also the case as soon as p; < 3 for all i and it is then a weak solution if
moreover p1 + p3 < 3 and pa + pg < 3.

Remark: open problems. The situation is unclear if the values of the p; are
higher. According to the structure of the right-hand side, one has L?(Q7)- and
uniform L'(Q)-bounds on the a;, but this is not sufficient to conclude to global
existence, even of renormalized solutions.

Proof of Proposition 7.1: We only indicate the necessary a priori estimates.
The analysis is then the same as in the previous sections (see the three points
(i)-(iii) in the proof of Theorem 6.1).

Since 2?21 log a? fi(a) < 0, by Theorem 3.1 applied with h;(r) = p;[r; logr;—
)T, we obtain that |a|log|a| is bounded in L?(Q7). Morover we have

) 1 . d; [V ail®

SUP¢e(0,T] fQ >_a;(t) loga;(t) + fQ > dipi @ (41)
+ o, (af b — af? a*)log (St ) < C.

We then deduce that T} (a;) fi(a) is uniformly integrable for all £ > 0 (whence

the existence of the global renormalized solution). Indeed, if p > 1, either

ab?al* < pal*ak® or ab?al* > pal*ak?® in which case

P2 P4
as” a
P2 P41 p1 D3 P2 D4 P1 . P3 2 Y4
0 <af’ay)* —al'ay <10g (ay® af* — af a3)10g;<ap1 ps).

We deduce that for all K C Qr measurable,
/ lal* a5 — ag?al’| < (1 +P)kp1/ af® + Cllogp] ™",
[an<K]NK K
whence the required uniform integrability since ps < 2 and a3 log as is bounded

in L2 (QT)

15



Next we turn to the case of dimension 1. The above analysis shows that
uniform integrability of T (a;)fi(a) may be obtained as soon as the a are
themselves uniformly integrable. This is true when p; < 3 in dimension 1 since,
as proved next :

If N =1, |a|*(log|a])? is bounded in L'(Qr). (42)

The last assertion of the theorem is also a consequence of (42) since, if p1 +p3 <
3,p2 +p4 < 3, then ai*ab? — ab?al* is itself uniformly integrable in L' (Qr) and
we can obtain a weak solution.

The proof will then be complete after proving the estimate (42). This may
be obtained as follows (here loge = 1 and C' denotes any constant depending

only on T" and the initial data):
T
/ (a;)® log(e 4 a;)* < / (/ a; log(e + ai)) sup ((ai)2 log(e + a;))
T 0 Q z€Q

We use

sup [(ai)Q log(e + a;)] < C[/Q |0 ((ai)Q log(e + a;)) + /Q(ai)Q log(e + a;)],

zE
amai

NG
/Q (a:)? log<e+ai>2) “

/Q(ai)2log(e +ai) <C </Q(ai)3log(e + ai)2>2/3_

|0 ((ai)2 log(e 4+ a;)) | <

Qr

This yields (42).

8 Appendix

The purpose of this Appendix is double: first, for the reader’s convenience,
we recall on a particular quadratic system the main steps (taken from [PSch],
[Pie]) in proving L?(Qr)-estimates by duality as well as global existence of weak
solutions. Then, we show how general embedding properties of independent in-
terest may be used to obtain L?(Qr)-estimates for the system (1) in dimensions
1 and 2.

Theorem 8.1 For the system (4), assume that the d; are positive constants,
the f; are at most quadratic in v (that is the function k(-) of (3) is at most
linear) and

Vr € [0,400)%, > fi(r) < 0.

Then, (4) has a global weak solution for initial data in L*(£2).

Steps of the proof: We truncate the nonlinearities f;, keeping the same prop-
erties for the f;', and we estimate the solution a™ of the approximate problem.
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Estimate of a™ in L?(Qr): From the above structure, we deduce
(D ar)e = Au(ddial) < 0.

Set z =73, al',zq =), d;al, A = zq/z (we suppose here that z > 0 a.e. for the
sake of simplicity. Then z; — A, (Az) < 0. Let us consider the positive solution
of the dual problem:

—(w+AA w) = H € C3°(Qr), H > 0, w(T) =0, Y wn =0 [or w = 0] on 9.

We have fQT.zH < Jo z(O)w(O) Let us estimate w(0) in L?(Q2). Multiplying
the equation in w by —A w gives

5 [P [ adp = - [ Haw < [ PP

where 0 < dp = min;{d;} < A. It follows, after integration in time that
Jo, (Bew)? < C [, H?. Going back to the equation in w, we deduce a bound
for w; in L*(Qr) and therefore a bound w(0) in L*(Q?) in terms of [, H>.
Therefore

/ zH < / 2(0)w(0) < [[z(0)[| 2 [w(0) ][> < Cll2(0)l[ L2l H || L2(@1)
T Q

which, by duality, gives a bound of z in L?(Qr) in terms of 12(0) |2 -

We deduce that the nonlinearities are bounded in L'(Qr). This provides
compactness of a” in L*(Qr) (and convergence of a subsequence a.e.) (see e.g.
[BP)).

Now we may use the approach in [Pie] to prove that the limit is a super-
solution of the system. The technique consists in considering the truncated
equations as in (33). In general, we are not able to obtain any uniform integra-
bility. The method consists -for instance for the first equation- in considering
w" = Ti(a} + n(ay + ... + ay)) where n > 0 is small. The equation satisfied
by w™ is in general not simple, due to the fact that the diffusion operators are
different from each other: it looks like

Ow" — diAgw” 2 T{()(f{ + 0 Y fI) + G k,n). (43)
2<i<q
It is easy to pass to the limit except in the extra term G(n, k,n) which contains
the difficulty. The main point in the proof of [Pie] is to prove the estimate
Vo € C(Qr), | < G(n,k,n) o > | < Clk,o)n'/?.

Then, we may pass to the limit as n — 400, as n — 0, and as k — +oc.
To prove that the limit a is also a subsolution, we use again the structure
> Ji <0 like in the last part of the proof of Theorem 4.2 above.

We now turn to the question of obtaining bounds for system (1) without
using the duality method.

For the system (1), the entropy estimate leads naturally to the following
bounds (for ¢ = 1..4, and all T > 0) :

S llai(t, ) log ai(t, )| L) + [V VailllL2@r) < Cr- (44)
€10,
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Proposition 8.1 Suppose a; is a function satisfying (44). Then

lla; log(e + ai)2/3HL3(QT) <Cr, if N=1 (45)
1+2/N .
||alHL1+é/N(Q y = CT, if N > 2 (46)
Remark 8.1 For N =1 and N = 2, we have therefore ||ai|\%2(QT) < Cr.

Proof: For N = 1, the proof is given in Section 7. We also recall that this
estimate is the key for further smoothness of the solutions of equation (1) in
this case.

For N > 3, the results follows similarly to the 1D-case using the classical
Sobolev estimates

L) S C(N, Q) (llull 2y + IV ullL20)) -

The case N = 2 is a limit case and requires more work. It is based on

Trudinger’s inequality saying that there are two absolute strictly positive con-
stants so and Cp such that, for all u € H(Q),

2
/eXp w <Cp. (47)
Q ||u||H1(Q)

As a consequence, we can also find two strictly positive absolute constants s
and C such that (for all functions u € H(Q)),

/ LG IO (48)
Q HUHHl Q) HUHHI(Q) B

Hence,

) e [ BbE) e
/Taz(t ) p<|\/a—i( P ) SC/O [Vai(t )5 o < Cr. (49)

We note that thanks to Young’s inequality (valid for z,y,vy > 0)

Yy Yy
zy < e’ 4+ Z(log(=) — 1),
7( (7) )

log(a) |

applied to v = g and z =y = a, we have for all a > e and s,q > 0,

a a s_qa % 2
+ a5 — <log (71%(@) n §> - 1) <ged + . log(a®).
a q a

Using this last inequality with ¢ = ||\/a;(¢,)(|%: 1o and a = max(e, a;(t, 7)),

afs

a2§ae

we conclude the lemma (thanks to estimate (49))

laillery < llmin{as, e}|72igp + [lmax{ai, e}[|72(q,
sa;(t,x)
< 62|Q|T+/ ai(t,z) exp | ———5——
" Va1 )
2 [T )
2 [0 [ wtea) wostastta)) Va0
2
< e2|Q|T+CT+gc%.

18



Acknowledgements.- KF is partially supported by the WWTF (Vienna)
project "How do cells move?” and the Wittgenstein Award 2000 of Peter A.
Markowich.

References

[AIV1] R. Alexandre and C. Villani, On the Boltzmann equation for long-range
interactions. Comm. Pure Appl. Math. 55, no. 1 (2002), pp. 30-70.

[AIV2] R. Alexandre and C. Villani, On the Landau approzimation in plasma
physics. Ann. Inst. H. Poincaré, Anal. Non Linéaire 21, no. 1 (2004), pp.
61-95.

[Ama85] H. Amann, Global existence for semilinear parabolic problems. J. Reine

Angew. Math. 360, (1985), pp. 47-83.

[BP] P. Baras and M. Pierre, Problémes paraboliques semi-linéaires avec
données mesures. Applicable Analysis, 18 (1984), pp.111-149.

[BD] M. Bisi, L. Desvillettes, From Reactive Boltzmann Equations to Reaction-
Diffusion Systems. To appear in J. Stat. Phys.

[CIP] C. Cercignani, R. Tllner and M. Pulvirenti,
The Mathematical Theory of Dilute Gases. Springer, New-York, 1994.

[DF] L. Desvillettes, K. Fellner, Ezponential Decay toward Equilibrium via En-
tropy Methods for Reaction-Diffusion Equations. J. Math. Anal. Appl. 319,
no. 1 (2006), pp. 157-176.

[DiL] R. DiPerna, P.-L. Lions, On the Cauchy problem for Boltzmann equations:
global ezistence and weak stability. Ann. of Math. (2) 130 (1989), no. 2,
321-366.

[FHM] W.B. Fitzgibbon, S.L. Hollis, J.J. Morgan, Stability and Lyapunov Func-
tions for Reaction-Diffusion Systems. STAM J. Math. Anal., Vol. 28, No3,
pp. 595-610 (1997).

[LSU] O.A. Ladyzenskaya, V.A. Solonnikov. and N.N. Uralceva,
Linear and Quasi-linear Equations of Parabolic Type, Trans. Math.
Monographs, Vol. 23, Am. Math. Soc., Providence, 1968

[Leung] A. Leung, Systems of Nonlinear Partial Differential Equations, Kluwer
Academic Publ. Boston, 1989.

[Pie] M. Pierre, Weak solutions and supersolutions in L' for reaction-diffusion
systems. J. Evol. Equ. 3, (2003), no. 1, 153-168.

[PSch] M. Pierre, D. Schmitt, Blowup in reaction-diffusion systems with dissi-
pation of mass. SIAM Rev. 42, (2000), pp. 93-106 (electronic).

[Rothe] F. Rothe, Global Solutions of Reaction-Diffusion Systems, Lecture
Notes in Mathematics, Springer, Berlin, (1984).

19



[Sim87] J. Simon, Compact sets in the space LP(0,T; B). Ann. Mat. Pura Appl.
146 no. 4 (1987), pp. 65-96.

[V2] C. Villani, On the Cauchy problem for Landau equation: sequential sta-
bility, global existence. Adv. Differential Equations 1 (1996), no. 5, pp.
793-816.

Laurent Desvillettes

CMLA, ENS Cachan, CNRS, PRES Universud

61, Av. du Pdt. Wilson, 94235 Cachan Cedex, FRANCE
desville@cmla.ens-cachan.fr

Klemens Fellner

University of Vienna, Faculty of Mathematics
Nordbergstr. 15, 1090 Wien, AUSTRIA
klemens.fellnerQunivie.ac.at

Michel Pierre

ENS Cachan Bretagne, IRMAR, UEB
Campus de Ker Lann, 35170-Bruz, FRANCE
michel.pierre@bretagne.ens-cachan.fr

Julien Vovelle

IRMAR, ENS Cachan Bretagne, Univ. Rennes 1, CNRS, UEB
av Robert Schuman, 35170-Bruz, FRANCE
vovelle@bretagne.ens-cachan.fr

20



