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We present in this work a remark precising some properties of the solutions
of the linearized Boltzmann equation coming out of the Chapman—Enskog asymp-
totics.

1. Introduction
In order to understand the Chapman-Enskog asymptotics of the Boltzmann

equation (Cf. [Ch, Co], [Ce], [Ba], [Ka, Ma, Ni]), one has to study the solutions h;
and g;; of the following equations (when v € IR3):

(Lhi)(v) = Ai(v), (1.1)
1
/ n) | o | e Eaw =0 (1.2)
veIR3 U3
|v]?

and
(Lgij)(v) = Bij(v), (1.3)



1

Y1 Lo
/ngij(v) vo | e” 2 dv=0, (1.4)
ve VU3

|v]?

where A; and B;; are the Sonine polynomials defined for ¢, j € {1,2,3} by

AR C I
A;(v) ={ 5 2}1)1, (1.5)
|v]®
sz (’U) = iUy 3 51’]’; (16)

and L is the linearized Boltzmann operator:

(L) :/ EJRS/GSQ efg{f(vﬂ* + |”_U*|a)+f(”+“* _ Iv—v*la)

2 2 2 2
) = F@ )} B~ vl o,

:/ i /652 6‘#{%”(”-;@* + |U—2w|a) — f(v) = f(va)}

UV — VU

The cross section B occuring in (1.7) can be written under the form

B(|v — vl,0 -

B(z,y) = 2% Ba(y), (1.8)

with @ € [—3, 1] when the interactions between particles satisfy the inverse power
law of order a with or without angular cut-off (Cf. [Gr]).
The theory of the linearized Boltzmann equation yields the following theorem

(Cf. [Bal], [Ce]) (at least when o > 0 in (1.8) and with the hypothesis of angular
cut—off):

Theorem 1.1: There exists a unique solution h;, g; ; to equations (1.1)-(1.2) and
(1.8)-(1.4) which belongs to

_ w2

D(L) = {f(v) € L*(IR?,e” 2 dv), v(v)f(v) € L*(IR* e~

s ? U — Uy
v(v) =/ / e 2 B(lv—vl,0- Ydodv,. (1.10)
v, €R3 JoeS?

o= u.]



Note that this theorem holds because the vector A with components A; (for
i €{1,2,3}) and the tensor B with components B;; (for i,j € {1,2,3}) satisfy the
orthogonality relations

v1 Ik
/ A(w) | va e 2 dv=0, (1.11)
vEIR3

U1 2
/ Bw) | v |eFdv=0. (1.12)
veIR3

We shall denote from now on
h(v) = (hi(U))z'e{Lz,s} (1.13)
the vector whose components are the solutions of (1.1)-(1.2) and
g(v) = (gi,j(v))i,je{l,z,s} (1.14)

the tensor whose components are solutions of (1.3)-(1.4).

In the second section of this work, we prove rigorously that h et g are of the
form given in [Ch, Co]. Then, in a third section, we introduce a unique equation
replacing the three equations (1.1), and another unique equation replacing (1.3).

2. Isometric Invariance of the Solutions of the Linearized Boltzmann
Equation

We want to prove in this section the following property of the solutions of
(1.1)-(1.2) and (1.3)-(1.4):

Theorem 2.1: The solutions of (1.1)-(1.2) can be written under the form
hi(v) = a(|v])vi, (2.1)
and the solutions of (1.8)-(1.4) can be written under the form
9i5(v) = b(|v]) Bi; (v), (2.2)
where a,b: IRy — IR are such that

Vi e {1,2,3}, a(|v|)v; € D(L), (2.3)



and

Vi,je{1,2,3},  b(|v|)viv; € D(L). (2.4)

This theorem is given without any proof in [Ni] and [Ba], with the reference [Ch,
Co]. In this book, it is physically justified. We prove in this work that it is a
consequence of the following lemmas (some of which are well-known).

Lemma 1: We introduce for each isometry R € O(IR®) and for each function
f:IR® — IR the operator Tr defined by

Trf(v) = f(Rv). (2.5)

Then,
LOTR :TROL. (26)

Proof: We consider

(Lo Tr) I(v) = (L(Twf)) ()
T I e L e e R (LU R (I8
v, €EIR3 JoeS?

B(|lv — vy|,0 - ﬁ)dodv*
_ [Rox|? Rv + Ruv, Rv — Ru,
=[] et B B oy o) - sy
v. €IR3 JoeS?
Rv — Ru,
B(|Rv — Rvy|, Ro - ———=—)dodv,. 2.7
(1Rv— Ro.|, Ro - [t pet oy (27)
We introduce now the change of variables

w = Ro, (2.8)
ws = Ru,, (2.9)

and we get

Ru+w, |Rv— w,]
w

(eTanw=[ [ St By

Rv — w,

—f(Rv) — f(w.)} B(|Rv — wy],w - Ydwdw,

|Rv — w|

= (Lf)(Rv)



=[(Tro L)f](v). (2.10)

Lemma 2: For all isometry R € O(IR3), The function h defined by (1.13) satisfies:
(Trh)(v) = Rh(v). (2.11)

Moreover, the function g defined by (1.14) satisfies the following properties:
i) for all v in IR® | g(v) is a symetric tensor with zero trace,
i) for all isometry R € O(IR?),

(Trg)(v) = Rg(v)R™ (2.12)
in the sense of the products of matrices.

Proof: We note that, according to lemma 1,

L(Trh) = Tr(Lh)

=TRrA
=Ro A, (2.13)
and that
L(Roh)= Ro (Lh)
= RoA. (2.14)
Moreover,
1 1
U1 lv]2 v lv]2
/ (Trh)(v) | vz e dv=0 < Ch(v) | w2 [eTTPdu=
v€EIR3 U3 v€EIR3 V3
|v]? vf?
1
v1 lv]2
— R{ h(v) | va |e” 2 dv} =0
veIR3 U3
v[?
1
v1 ]2
= (Roh)(v)| va |e 2 dv=0. (2.15)
veEIR3 V3
Els

Using now the uniqueness of the solutions p of the system

Lp=Ro A, (2.16)



U1 ik
/ p(v) | ve [e 2 dv=0, (2.17)
vEIR3 V3
Cl
we get (2.11).

We now turn to the tensor g. In order to get i), we note that

L(Trg)=Tr(Lg) =TrB =0,

(2.18)
L(g+g")=Lg+ (Lg)" =B+ BT =0, (2.19)
1 1
U1 Iv|2 v1 lv[2
/ (Trg)(w) | va | e 2 dv=Tr{ g(v) | va | e 2 dv} =0, (2.20)
vEIR3 vs veIR? V3
[v]? 0]
1 1
1 012 v1 012
/ (g+gD) )| va |e = dv :/ gv) | va | e = dv+
veIR3 U3 velR3 V3
[v]? [v]?
1
v1 Bk
{/ g) | v [e=dv}T =0, (2.21)
v€EIR3 V3
[v]?
and we get
Trg =0, (2.22)
g+g" =0, (2.23)
by a uniqueness argument.
Finally, we prove ii). We note that
L(Trg) = Tr(Lg)
— TwB
= RBR ™, (2.24)

and that
L(RgR™) = R(Lg)R™*

= RBR™'. (2.25)



Moreover,

1 1
1 Ju] U1 o2
/ (Trg)(v) | v2 |e” 2 dv=0 < gw)| va e 2 dv=0
vER? U3 velR3 U3
v[? v]?
1
1 o2
— / "Rg()R™H [ w2 | e” 2 dv =0, (2.26)
veIR3 U3
[v]?

Therefore, the uniqueness of the solutions ¢ of the system

Lq= RBR™, (2.27)
1
U1 Iv|2
/ o qv) | vo [e" 2 dv=0, (2.28)
ve V3
[v]?

ensures that ii) holds.

Lemma 3: Let N > 2 and s : RN — RN be a function such that for all isometry
R of O(RYN), one has:
soR=Ros. (2.29)

Then, there exists t : IRY — IR such that

Ve e RY, s(x)=t(]z|)z. (2.30)

Preuve: We begin with the case when N = 2. Note that |s| : IR? — IR satisfies

|s| o R=s]. (2.31)
Therefore, |s| depends only on |z|.
We write
|s(@)] = w(|x]), (2.32)
and
s(z) = w(|z|)u(z), (2.33)

where u : IR? — S? still satisfies

uoR=Rou. (2.34)



Identifying IR? to € and S! to the set of complex numbers of modulus 1, we get a
function ¢ : IRT™ — IR, such that

u(rei?) = eilo+o(n}, (2.35)

Using now (2.34) when R is the symetry with real axis, we get

u(re*ie) = H—0+6(N} — gi{—0-0("} (2.36)
Finally,
¢(r) =0 or m, (2.37)
and therefore
u() = v(|al)a, (2.38)

with v : RT™ — {—1,1}. Denoting
t = wo, (2.39)

we get (2.30).

We are now interested by the case when N = 3 (the proof is the same when
N > 3). We write once again (2.33) and (2.34) with u : R®> — S2.

Let x € IR?, and P be the plane containing 0, x, and u(x). The intersection of
P and of the sphere of center 0 and of radius |z| is a cercle C. The intersection of P
with the sphere of center 0 and radius 1 is also a cercle C’. We denote by R the set
of all rotations whose axis is orthogonal to P and of planar symetries whose symetry
plane is orthogonal to P. According to (2.34), used in the case when R € R, we see
that u maps C into C’. Therefore, we can apply the result obtained in dimension 2,
and get (2.30) (because R restricted to P contains all the isometries of P).

Remark: One can prove in fact that for N > 3, it is enough to have (2.29) when
R € SO(IRY) in order to get (2.30), since every isometries of O(IR?) can be obtained
as restrictions to planes of isometries of SO(RY).

Lemma 4: Let N > 2 and m : RN — M, (IR) be a function such that for all
isometry R of O(IRYN), one has:

vz e RN, m(Rx) = Rm(z)R™". (2.40)

We suppose moreover that for all x in RN, m(x) is a symetric matriz with zero
trace.
Then, there exists n : IRT — IR such that
|z

Ve e RN, m(z) =n(lz)){zr @z — Wld}' (2.41)



Proof: We only look to the case when N = 3, since the proof is the same for N > 3.

1
We compute m(r | 0 |) for r € IR. For each isometry R € O(IR?) mapping the
0
1
vector | 0 | on itself, we have
0
1 1
m(r | 0])=Rm(r |0 | )R (2.42)
0 0
Suppose now that
1 r a B
mr|0])=la y ~ (2.43)
0 B v =z
Using (2.42) with
1 0 O
R=[0 -1 0], (2.44)
0 0 1
we get
a=~=0. (2.45)
Using now (2.42) with
1 0 O
R=[01 0], (2.46)
0 0 -1
we also get
8 =0. (2.47)
Finally, using (2.42) with
10 0
R=|0 cosf —sinb |, (2.48)
0 sinf cosf
we get
Y=z (2.49)
Since we assumed that
xr+y+z=0, (2.50)
we obtain n’ : IR — IR such that
1 -2 0 0
mr|0|)=n'(r)| 0 1 0 (2.51)
0 0 0 1



Finally,

and therefore

1 -2 0 0 1 1 1
mr |0 ])=n'(rhl 0 1 0|==3(rD{{O|x]|0] - §Id}
0 0 0 1 0 0

We define now n(r) by

For all isometry R of O(IR?), we get:

1 1
frR1 O |)=Rf(r| 0 |)R™?
0 0
1 1 1
=r’n(rDR{l 0 |® | 0 | — Id}R™*
3
0 0
1 1 .2
=n(lr){rR|{ 0| ®rR| 0 | — =Id}.
0 o) 3

But every vectors y of IRY can be put under the form
1
y=~R(@r|0]),
0

and therefore lemma 4 holds.

(2.55)

(2.56)

The proof of theorem 2.1 is then a straightforward consequence of lemmas 2 et

3 on one hand, and 2 and 4 on the other hand.

3. The Equation Giving a and b

In this section, we give a unique equation allowing us to get the functions a and
b of theorem 2. Such an equation is necessary to study the asymptotic properties of
a and b when |v| tends to infinity. Note that such a study is useful for the rigourous
analysis of the incompressible fluid dynamics limit of the Boltzmann equation (Cf

[Ba, Go, Le]).
We prove here the



Theorem 3.1: The function a of theorem 2.1 is solution of

y> 5
(Ma)y) = (£ ~ 2. (31)
+oo 2
4 Y
/ a(y)y'e” 7 dy =0, (3.2)
y=0
where
“+o0 T T 27
o =2 [ [ [ f
r=0 J=0Jk=0.¢=0
21 .2 1
{a(\/T ;Ly + 5\/7’2 + y2 — 2ry cos Oy cos k + rU])
(y +7cosO + \/r2 4+ y2 — 2ry cos O cos k) — a(r)r cos 0 — a(y)y}
2
B(\/r2 + 42 — 2rycos,ycosk — rU) sinfsink 2o~ dodkdOdr, (3.3)
and

U = cosf cosk + sin sin k cos ¢. (3.4)

Proof: Equation (3.2) comes clearly out of (1.2).
In order to get (3.1) and (3.3), we write (1.1) for ¢ = 1 and we introduce the
following notations:

1 cos 6 cosk
v=y| 0|, wvi=r7r|sinfcos¢p |, o=|sinkcosl |. (3.5)
0 sin 0 sin ¢ sin k sin [
we get
+o00 ™ T 27 27 2 2 1
T e ey
r=0 J0=0Jk=0J¢=0Ji1=0 2 2
1 cos 6 cosk
(y| O] +7r| sinfcosd +\/r2+y272ryc089 sinkcosl |)
0 sin @ sin ¢ sin k sin [
cosf 1
—a(r)r | sinfcos¢ | —aly)y | 0 |}
sin 6 sin ¢ 0

B(\/r2 +y? —2rycosf,ycosk —rV) sinfsink T267%dld¢dkd9d7"

1

2

Y 5

(Lo (3.6)
0



with
V = cosfcosk + sinfsink cos(¢p — 1). (3.7)

In order to get (3.1) and (3.3), it is enough to note that for all functions ~,

cos 6 o 1
/ / sinfcos ¢ | y(cos(¢p —1))dodl = 2x cos@/ Y(cosp)de | 0 |, (3.8)
$=0J1 sin @ sin ¢ ¢=0 0
cosk 2 1
/ / sink cosl | y(cos(¢p —1))depdl = 27 cos k/ Y(cosp)de | 0 |, (3.9)
¢=0J1 sinksin [ ¢=0 0
2 1
/ / 0 ~(cos(¢p — 1))dopdl = 27r/ ~Y(cosp)dp | O | . (3.10)
¢=0J1 ¢=0 0
We now give the
Theorem 3.2: The function b of theorem 2.1 is solution of
(Nb)(y) = v, (3.11)

where

(B

+(r? 4+ 92 —2rycos€)( cos k——)+2yrcos€+2y\/r2+y — 2rycosfcos b

o= [ L

1 3 1
+ —\/7’2 + 42 — 2rycos Oy cos k + rU])) (y* + 7’2(5 cos? 0 — 5)

1 3 1
+2r/12 4+ y2 — 2ry cos 0(cos k cos 0 — B sin k sin 6 cos ¢)) — b(r)r2(§ cos? ) — 5)

—b(y)y*} B(\/r2 + y2 — 2ry cos B, y cos k—rU) sin@sin k r2e= "5 dodkdldr. (3.12)

Proof: In order to get (3.11) et (3.12), we write (1.3) for ¢ = 1,5 = 1 and we use
the notations (3.5). We get

[ L=

1 1 cos 6 cosf 1
(y2{ 0Ol®|0] - —Id}+r2{ sinfcos¢p | ® | sinfcosep | — gjd}
0 0 sin 6 sin ¢ sin @ sin ¢

1
—|— 5\/r2 + y2 — 2rycos Oy cos k + rV])



cosk cosk 1
+(r? +y? — 2rycosO){ | sinkcosl | ® [ sinkcosl | — gld}
sin ksin ! sin k sin

1 cosf cosf
+2yr{| 0 | ® | sinfcos¢ | — 3 Id}
0 sin 6 sin ¢

1 cosk cos k
+2y\/12 4+ 4% — 2rycosf{| 0 | ® [ sinkcosl | — 3 Id}

0 sin k sinl
cos 6 cosk e
+2r\/12 4+ y2 — 2rycos{ | sinfcos¢ | ® | sinkcosl | — Eld})
sin 0 sin ¢ sin k sin (

cos 6 cos 6 1 1 1 1
—b(r)r*{| sinfcos¢ | @ [ sinfcos¢p | — =Id} —b(y)y*{[ 0 |® | 0| — =Id}}
sin f sin ¢ sinfsing | 3 0 o) 3

2
B(\/72 + 42 — 2rycosf, ycosk — rV) sin @ sin kr? e_%dldqﬁdkdedr

(1))
=y*{l0]®]|0 —gfd}. (3.13)
0 0

In order to get (3.11) and (3.12), it is enough to note that for all functions ~,

27 27 1 1 1
R

2T 2/3 0 0
= 27r/ y(cosp)dp | 0 —-1/3 0 : (3.14)
$=0 0 0o -1/3

2 p2m cosf cosf 1
/ / {| sinfcos¢ | ® | sinfcos¢p | — =Id}y(cos(¢p —1))dpdl
6=0J1=0 3

sin 0 sin ¢ sin 0 sin ¢
3 2m 2/3 0 0
= 277(5 cos® ) — 5)/ v(cosgp)dp | 0 —1/3 0 , (3.15)
¢=0 o 0 —1/3
o 2w cosk cosk 1
/ / {| sinkcosl | ® | sinkcosl | — gld}’y(cos(qﬁ —1))dodl
¢=0J1=0 "\ sinksinl sin k sin [

3 | e 2/3 0 0
=27(= cos® k — —)/ Y(cosg)dp | O —1/3 0 |, (3.16)
2 2" Js=0 0o 0 -1/3



o p2r [ 1 cos 6 cos 0
/¢ /l {10 ]| ®| sinfcos¢ | — 3 Id}~(cos(¢ —1))dodl
=0 =0 0

sin 0 sin ¢
2m 2/3 0 0
= 27rcost9/ Y(cosp)dp | 0 -1/3 0 , (3.17)
$=0 0 0 -1/3
or por [ 1 cosk
k
/ / {l o] e[ sinkcost 7(30; Id}y(cos(¢ — 1))dedl
¢=071=0 1\ 0 sin k sin
o 2/3 0 0
= 27Tcosk/ Y(cosp)dp | 0 —-1/3 0 , (3.18)
$=0 o 0 -1/3

27 2 cos 6 cosk v
/ / {| sinfcos¢ | ® | sinkcosl | — gld}fy(cos(gb —1))dodl
¢=0J1=0

sin 6 sin ¢ sin k sin [
o7 1 2/3 0 0
= 27r/ (coskcosf — §sinksin9(;os $)y(cosp)dp | 0 —-1/3 0
9=0 o 0 -1/3
(3.19)
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