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Prandtl Ansatz

Prandtl system for classical fluid

In 1904, Prandtl developed the boundary layer theory by
resolving the difference between viscous and inviscid flow near
a boundary with no-slip boundary condition:

e outside a layer of thickness of /&, convection dominates so
that the flow is governed by Euler equations;

e inside a layer (boundary layer) of thickness of /€, convection
and viscosity balanced so that the flow is governed by the
Prandtl layer equation.

Well-posedness? Justification?
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Prandtl Ansatz

Prandtl system for classical fluid

(Incompressible Navier-Stokes equations)

ouf + (uf - V)ué + Vpf —eAu =0
V-ut =0
uf|._o=0 noslip boundary condition

with flat boundary {(x,y) € D,z =0}, set u® = (uf,v¢,wé)T:

ut(1,x,y,2) = u(t,x,y, 7z) +o(1)
VE(L,x,y,2) = v(t,x,y, 72) +o(1)
wé(t,x,y,2) = \/gw(t’x’y’ ﬁ) +0(\/§)
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Prandtl Ansatz

Prandtl system for classical fluid

(Prandtl boundary layer equations)

Ot + (udy +voy +wdz)u+ o (1,x,y,0) = 92u

O+ (U0 +vay +waz)v + dypF (1,x,y,0) = Iv
Okt +dyv+d.w =0

(u,v,w)|;—0 =0, lim (u,v) = (uf,vF)(t,x,y,0),
Z—to0

with pf and uf = (uf,vE,0)(1,x,y,0) satisfy

(Bernoulli’s law)

ot + (uf - V)uf + vpf =o.
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Oleinik’s monotonicity condition (2D)

(Oleinik’s monotonicity condition (2D))
e Coordinate transformations

@ von Mise transformation for steady layer (Oleinik):

(x,y)%(x,(b), W:uza

Wy = /Wwy, — 2PE.
@ Crocco transformation for unsteady layer (Oleinik):

(t,x,y) = (t,x,u), w=u,y,

Wi+ UWy = wzwuu.
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Oleinik’s monotonicity condition (2D)

e Cancellations

Ayt + udsu + voyu + o.PF = ayzu

-|-<Maxu+ Yy =
dyu y -
ot
Denote w = d,u, then
u W2 — Wyl
fo= (ﬂ)y =—5" (Alexandre-Wang-Xu-Y.)
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Oleinik’s monotonicity condition (2D)

Another way to look at the cancellation:
Wi+ udw+voyw = 8y2w,

u; + udi +voyu = ayzu.

Set
fi=w— %u =wfp. (Masmoudi-Wong)

A similar function f, = ww, —wyu, satisfying an equation
without loss of derivative is used to study solutions in Gevrey
function space without monotonicity condition, cf. Li-Y.
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Oleinik’s monotonicity condition (2D)

(Well-posedness with finite order of regularity)
@ Oleinik (’60): local existence of classical solutions;

@ Xin-Zhang ('04): existence of global weak solution with
additional favorable pressure o.p* (t,x,0) < 0;

@ Alexandre-Wang-Xu-Y.('12), Masmoudi-Wong (’12): local
existence in Sobolev spaces.

How about 3D?
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Oleinik’s monotonicity condition (2D)

(N-posedness without the monotonicity condition)
@ E & Engquist (°97): construction of blowup solutions;

@ Grenier ('00): unstable Euler shear flow yields instability of
Prandtl;

@ Gérard-Varet & Dormy (°10), Guo & Nguyen (°‘11): shear
flow with non-degenerate critical point in 2D;

@ Grenier-Nguyen (’17): unstable even for Rayleigh’s stable
shear flow;

@ Liu-Wang-Y. ("15): ill-posedness in 3D if U(z) # kV(z). Not
know nonlinear stability even U(z) = kV(z) with U,(z) > 0
and finite regularity.

Tong Yang Boundary Layers Theories




Oleinik’s monotonicity condition (2D)

(Well-posedness with infinite order of regularity)
@ Sammartino & Caflisch (°98): Well-posedness of Prandtl
system, and justification of the Prandtl ansatz when the
data is analytic;

® Gérard-Varet & Masmoud: 2D with Gevrey index = 1;
@ Li-Y.(’17): 2D optimal Gevrey index (1,2];

@ Li-Y.(’18): 3D with index (1,2] and monotonicity in one
direction.

Optimal Gevrey index 2 implied by the ill-posedness theory of
Gérard-Varet & Dormy.
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Oleinik’s monotonicity condition (2D)

(High Reynolds number limit)

@ Kato ("84): a necessary and sufficient condition;
@ Bardos-Titi ("18): relation to Onsager conjecture;

@ Maekawa (’14): initial vorticity is supported away from the
boundary for 2D flow;

@ Gérard-Varard, Maekawa & Masmoudi(’'15): Gevrey
stability of Prandtl expansion in 2D;

@ Guo-Nguyen(’17): steady fow over a moving plate;
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Gevrey regularity

Well-posedness with Gevrey regularity in 2D

Defintion Let ¢ > 3/2. For (p,0), p > 0,0 > 1, X, 5 is a Gevrey
function space with the norm

|V”p,o’ = rsnl;% [(m_ !]0 H<y>f*1 8;"](”1‘2
m—>5
{ ym

+ i‘gWH<Y> o (ayf)HLz

b osp —P ey st g
1<j<4 [(i—i—j—ﬁ)!}c A 5
i+j>6

_|_
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Gevrey regularity

(Theorem Li-Y., JEMS, ’17)
Let o € (1,2], up € Xap,  With

HMOHpO,G < Mo-

Suppose u satisfies the compatibility conditions, then there is a
unique solution u € L([0,T]; X, ) for some T >0 and some
0 < p < po, provided nq is sufficiently small.
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Gevrey regularity

Three types of cancellations

The first type cancellation: Consider
(94 (" + 1)+, = 3 ) O+ (9" (@ + @) = -+
and vorticity equation
(at + (0 + 1)y + vy — ayz) A" + (M) (3,0° + dyw) = -

In the region of monotonicity, introduce

o,0°+ 0,

Mu;
oS+ o

X

fm=0l'®

cf. Masmoudi-Wong, Alexandre-Wang-Xu-Y.



Gevrey regularity

The second type cancellation: For estimation on 9/ @ in the
neighborhood of the critical point, use the vorticity equation

(at + (0 + 1)y + vy — aj) A" + (M) (9,00° + dyw) = -

with inner product with

N
0,@° + 0,0’
and use
m K a):”w _ m+1 m _
((ax v) (00’ + 0y 0), W)Lz = (" u, d"u) > =0,

cf. Gérard-Varet and Masmoudi.
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Gevrey regularity

The third type cancellation: Note that the equation for d,w:
0 () + (u* + u) o (dym) + v(ayzws + (9},260) - aj(aym) =—g,
with g; = (@’ + 0)d,0 — (d,®° + Jyw)dyu, we have

(3, + (0 + )y + v, — aj) I"9,0+ (9")(92 0" + )
In the neighborhood of the critical point, consider

2 S 2
aya) +8ya) "

hy,=0"d,00 — =——>—
m = Oy 0y @ 0y0° + 0y
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Gevrey regularity

(Property of g1)
Note that g, = (0° + )f; satisfies:

<8, + (' 4 u)dy +vdy, — aj)gl =

2(0;0* + 9 )30 — 2(0y0° + 9, )30, 0.

e The order of derivative in x on the RHS is the same as g, an
extra m in front of g,, can be added to its Gevrey norm.
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Gevrey regularity

Sketch of Proof

Define three auxilliary functions f,,, h,, and g,,:

Jy0° + dy®
* + o

m
a"u

o+ 0

fn= 21900 — 11 9)"u = 31 (@"+ @) ( );

2 /3S 2
aya) +8ya) "

i = B0 e
y y

)

and
g =" ((ws + )0 — (0" + ayw)axu) .
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Gevrey regularity

(Define an equivalent norm)

.o =lllp+ sup (mlgnlliz +[|< > ol 2 + o2

4 sup 120,00 wuLz)

1<m<5

+,Snl§§ [(m—6)1]°

L — (VY 1P L P
g;[(m_@!]a\my (%

(mllgmlzz + [ < 3> fnll o + 2 )
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Gevrey regularity

(Uniform estimate in Gevrey space)

lu

2
t t ‘~
2 2 2 4 p(s),0
1) 0 5 0l + [ (1l il s | 250 s

Define

Po+p—As

de, —p—At
Dsup (PP 12 1) b=,

lull3,7) = sup

,~S =
pi Po—p lpo: P5)

where the supremum is over p > 0,0 <t <T and p + Az < po.
For small ||uol|2p,,0, there exists R and A such that

el .20, < R
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Well-posedness

MHD boundary systems High Reynolds numbers limit

(2D incompressible MHD)

du+ (u-V)u+Vp=L(H-V)H- V(g{v'o)—i—éAu,
OH-Vx(uxH)=g-AH, in Q,
Vu=0, V-H=0,

ulr = 0, H|r = Perfect conducting.

u = (uj,up) : velocity, H= (hy,hy) : magnetic filed, p : pressure,

-1

Vo : permeability, R, = v~ : Reynolds number, V : viscosity,

Re,, = voo : magnetic Reynolds number, © : electrical conductivity,

. e
magnetic Prandtl number : Pr, = R—m = VVy0o.
e
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Well-posedness

MHD boundary systems High Reynolds numbers limit

Case 1. Pr,, < 1 0or 0 < Re

The velocity has characteristic boundary layer with thickness
\/% with leading order of the magnetic field unchanged.

Denote H -ii|r = B. There is an extra term 6B?(U —u;) in the
equation for u; and it is similar to the classical Prandtl
equations.
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Well-posedness

MHD boundary systems High Reynolds numbers limit

Case 2. Pr,, = O(1) or 6 = O(Re)

The boundary layer for both the velocity and magnetic fields.

@ H 7i|r = B # 0: The non-characteristic boundary layer
(u1, g-t2,hy,B+ 7-hy)(x,Re y) is called Hartmann layer:

8§u1 + %ayhl =0, *Bayul = i&%hl,
8xu1 + dyup = 0, axhl + dyhy = 0, lim u; =U.
Yoo

—  Q2uy—pu 'Pr,B*(uy —U) =0, dyh; =Pr,B(U—u).
= u = U[l —exp{—/u"'Pr,B? Y}]. Hartmann Layer
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Well-posedness
High Reynolds numbers limit

MHD boundary systems

@ H . 7i|r =0: Inside the boundary layer,
friction force ~ inertia force ~ Lorentz force.
The velocity and magnetic field have characteristic

boundary layer profile (u, ﬁe—euz,hh \/LRfehz)(t,x, VRe y).

Note that this MHD boundary layer system behaves very
differently from the classical Prandtl system.
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Well-posedness

MHD boundary systems High Reynolds numbers limit

Case 3. Pr,,>>10r 0 > Re

The magnetic field has characteristic boundary layer with the
boundary layer thickness F while the leading order of the
velocity field in the layer remains unchanged. The magnetic

boundary layer profile (hy,B+ \/%hz)(t,x, VRe,, v) satisfies

dihy = d2hy +u 'B?Re (H—hy) +H,, Ochy + dyhy =0,

where H := lim h;.
Y—+eo
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Well-posedness

MHD boundary systems High Reynolds numbers limit

(Derivation of the boundary layer system in Case 2)

e + (uf - V)ul — (H - V)HE + V (pf + ML) = eAue,
JHE —V x (uf x Hf) = ke AH?, in {t,y >0,x €T},
V.ué =0, V.H¢=0,

(u®,H? -n,(V xH?) xn)|,—0 =0. ( perfect conducting)

Near the boundary as € — 0:

(U HE ) (059) ~ (i1, B, ) 1, ),
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Well-posedness

} limi
MHD boundary systems High Reynolds numbers limit

MHD boundary layer system

Oty + w1 Ay + updyuy — hydehy — hpdyhy = 9},2141 — Py,
ohy +8y(u2h1 = ulhz) e K'ayzl’n,
ot + 8yu2 =0, ochy + 8yh2 =0,

Main
( ) uli—o = ur0(x,y), hili=o = hio(x,y),
(u1,u,0yh1,hy)|y—0 =0,
L ygl}rlw(ulahl) - (uf,hf)(r,x,O) = (UaH)(t7x)‘

Theories in analytic and Gevrey function spaces hold because
of the same singularity and degeneracy as Prandtl equations.
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Well-posedness

MHD boundary systems High Reynolds numbers limit

(Observation)
Motivatd by von Mise and Crocco transforms
The stream function of the magnetic field

y(tx,y) s b =0, ho ==y, Yly—0 =0,

satisfies

atw+ulaxw+ uzayl[/ = Kayzllf

If hy # 0, then y is monotone iny.
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Well-posedness
High Reynolds numbers limit

MHD boundary systems

(Coordinate transformation)

T=1, g =X, N= W([,x,))),

(Symmetric quasilinear system)

( 8Tu1 —|—u18§u1 —hlaghl =+ (K'— l)hlanh18nu1 = h%&%ul,

8Th1 —hlag;ul +M13§h1 = K'h%a%hl,

(Lt],h1anh1)|y:0=0, nlirfrlw(ul’hl) = (U,H).
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Well-posedness
High Reynolds numbers limit

MHD boundary systems

(Cancellation)

oyu o,h
W)= My — ;Tla;"q/, K= 0"y — 2—118;"1//-

(Symmetry system for (uf',h]"))

O + (10 + uz 0y U — (h10x + hydy )R = Oull' + ...,

Ok + (105 + uz 0y B — (h10x + o0y )ul' = kOJh + .
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Well-posedness

MHD boundary systems High Reynolds numbers limit

Theorem (Liu-Xie-Y., CPAM, 2017)
Letm > 5,1> 0, and assume

(ulo(x,y) —U(0,x),h10(x,y) fH(O,x)) € Hl3m+2(Q), hio(x,y) > 20,

and the compatibility conditions up to m-th order. Here,

1 .
Il @) = (Emytmpsm 102071 052f I ) > Then, there exist
atime 0 < T < Ty, and a unique solution (uy,u,h;,h,) to (Main),
such that hy > &,

(w1 — U, by —H) € (W' (o, T;H}""(Q)).
i=0

Tong Yang Boundary Layers Theories



Well-posedness

MHD boundary systems High Reynolds numbers limit

Justification of the high Reynolds numbers limit

Consider

Ju® + (u° - V)u® — (H* - V)H® + Vp© = pelu®,  (x,y) €R?,
OHE + (uf - V)HE — (HE - V)uf = ke AHE,

V-u¥=0, V-H®=0,

ufl,—o =0, dyhily—0 =0, h3ly—0 =0,

(uesz)‘[:O = (u07h0)(xay)7

with no-slip boundary and perfect conducting boundary
conditions.
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Well-posedness
High Reynolds numbers limit

MHD boundary systems

Assume u® = (uf,us),H® = (h{,h5) and p¢ solve ideal MHD
equations with the same initial data and corresponding BC:

(e + (U - V)Ue — (H - V)HE + Vpe = 0,
AH? + (Ue - V)HE — (HC - V)ue =0,

V.uw'=0, V-H =0,

[ (.5)),0 =0, (u',H)| 2o = (uo.ho) (x.).
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Well-posedness
High Reynolds numbers limit

MHD boundary systems

The boundary layer profile (u?,ub, 1%, h5)(t,x,Y) is given by

(Wl W) (1,2,Y) = (], 1) (1,2, Y) = (ug 1§) (1,%,0),

ug(t,x, Y) = [y axull’(t,x,z)dz, h’z’(t,x, Y) = [y axhll’(t,x,z)dz,
where (], 1])(t,x,Y) solves
Ol + (U] Oy + s Ay )ull — (W9 + W9y )i = nogul] — dup*(t,x,0),
O, -+ ()0 + 90K, — (0, + IOy, = KR,
8xu€ + 8yu§ =0, 8xh€ + 8yh§ =0,
(uzl)?u127>8yh!])’h12))‘yzo =0, YEIEM(M!;’M]))(Z’X’ Y) = (Mi,hi)(t,x, 0),
(u, 1) li=0 = (uf,h§)(0,x,0);
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Well-posedness

MHD boundary systems High Reynolds numbers limit

(Theorem Liu-Xie-Y., '17)
Let the initial data (uo,hg)(x,y) be compatible and satisfy

hio(x,0) > & for some constant & > 0.

There is a time T, > 0 independent of €, such that

[(u®, H?) (2,x,y) — (u’, H) (2,x,y)
— (uy, Eul, W ERD) (1,3, =) 1, ~ €2 =0, & 0.

VE

Tong Yang Boundary Layers Theories



Well-posedness
High Reynolds numbers limit

MHD boundary systems

(u®,H®)(t,x,y) = (u",HY)(t,x,y)+€(u,h)(t,x,y),
pe(t,x,y) = p(t,x,y) +ep(t,x,y),

Then, the remainder (u,h)(z,x,y) satisfies

dui + (0 - V)uy — (HE-V)h + (u- V)uf — (h- V)i + dop — peLuy =rf,
O + (0 - V)uy — (HE - V)hy + (u- V)u§ — (h- V)h§ + dyp — peAupy =15,
iy + (W€ - V)hy — (HE - V)uy + (u- V)t — (h-V)ud — ke Ahy = 7%,

Iy + (€ - V)hy — (HE - V)uy + (- V)hS — (h- V)u§ — ke Ahy =1,
Vou=0, V-h=0,

(ur,u2,0yh1,h2)ly=0 =0, (u,h)|,—o=0.
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Well-posedness

MHD boundary systems High Reynolds numbers limit

Here, rf, i =1 ~ 4 are the error terms determined by the
approximate solution. By a careful construction of the

approximate solution (u”, H*), we can have
103rE(t, )2 <C, |a]<3,i=1,---,4

i

for some positive constant C independent of ¢.
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Well-posedness

MHD boundary systems High Reynolds numbers limit

(Difficulty)
The following four terms in the first and the third equations can
not be estimated directly:

2Oy — hydyh = &3 (updyul — hpdyht) +0(1),

Ltzayh? = hzayu? e 87% (u28yh’1’ = hg&yu?) + 0(1),
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Well-posedness

High Reynolds numbers limit

MHD boundary systems

Denote the stream function y of the magnetic field:
h=0dvy, h=-dy, VYo, VYi==0.
Note that y satisfies

oy + (u° V)Y —hguy + hiuy — k Ay =9, ' £ 4.
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Well-posedness

High Reynolds numbers limit

MHD boundary systems

Set
T R Luaie) np () = Dilen Je),
’ 1y (1%, %) (%, 75)
oh (t,x, =
ny(txy) @ = yl(yfg)
Wy (x, %%)

Note ng(t,x,Y),Ven! (t,x,Y), Vern/(t,x,¥Y) = 0(1), i=1,2
uniformly in € so that

nh(t,x,y), Veonh(t,x,y), yonh(t,x,y),
\/Enf(t)x’y)v ynfj(l,x,y) = 0(1), 1= 1,2
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Well-posedness

) | limi
MHD boundary systems High Reynolds numbers limit

(Cancellation)

u(t,x,y) = ul(taxay)_ay(ng'W)(vaaY)v
V(t,x,y) = ”2(f>X,)’)+ax(ng' l//)(tax:y)a
h(t,x,y) = hi(t,x,y) = (M5 - w)(t,xy),  g(tx,y) = ho(t,x,y).

Then U(t,x,y) := (u,v,h,g)7(t,x,y) satisfies

U+ A (U)o U+ A, (U)o, U+ C(U)U + yD+
(px,py,0,0)" —eBAU = E®,

okt +dyv =0,

\ (u,v,0yh,8)|y—0 =0, Ul =0.
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Well-posedness

High Reynolds numbers limit

MHD boundary systems

Estimates on the coefficients:
Ai(U) = AY+VeAl +€A,(U), i=1,2,
C(U) = C*+eC(U), D = D'+eyD’,
Forla| <2,i=1,2,

1OAT (1=, | OFAT (8, =, Y ILDP (2, ) |- 19 B (1, ) |12 < C,

195 C“ (2, )=+ lyog D (1, )|~ < C,
10SE* (2, -)llr2 < C.
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Life span of the solution

Global existence of smooth solutions?

(Classical Prandtl equations)
@ Zhang-Zhang (°'14): lower bound of life span g3 for
outflow velocity of the order €3 and perturbation g;
@ Ignatova-Vicol ('16): almost global with lower bound of the
life span e(€°2")" for ¢ order perturbation of shear flow
in the form Guassian error function.

Observation: For shear flow as Guassian error function, a
damping —- can be obtained by using cancellation.
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Life span of the solution

MHD boundary layer

(Notations)

2

oz
ea(t7y) = CXP(T),
Xn(f,7) = 11060 | 2" M,

Fllxew = Y Xu(f, ),

m>0

V<t>'

[ llDee = 10411 xe5

m=

y m+1
m!

You(f,7) = ||00"f|| 27" ' mM,,,.

Fllyew = Y. Yulf, 7).

m>1
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Life span of the solution

A family of solutions

) _ 1 /@ 22
(M¢(t,y),0,b,0), ¢(t7y) = \/E/O exp(_Z)dZ'
Theorem ( Xie-Y., '18) Suppose
||220 —ﬁ‘l’(oy)’)me,l/zv lbo —l_7||XTO‘1/2 <e e<<l.

Then there exists a unique solution to the MHD prandil
equations satisfying

(ul_uq)(t?y)vbl_b)eX‘L’,l/lv 0<t<T, T£2C8_2+-
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Life span of the solution

(Idea of the proof)
Denote the perturbation by (u,v,b,g). Motivated by the
cancellation and Ignatova-Vicol’s work, set

ooy,  b=b.

12:

m\ N

Oift — A} i+ (i + u) Oyit + vyt

—(B+b)db — gdyh —2020b+vd2py =0,

b — 02b— (b+b)xii— gyt + (i +u) b +vdyb — gd2py = 0.
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Life span of the solution

(Key estimates)

- <) m=0 ||906‘9m”||L2 1606:9;"b|| 2

o Ko 1
— 57 Ml = 2+ =) 75 1Bl

< (00 + 2T (74Ul + Pl )+

V41D +1BlIpc) ) ) X (Nl + KI1Bllrsq)-
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Life span of the solution

(A simplied system of equations)

aX(1) + Z2=X(0) + 2=D(1) <0,
©(1)2 = 72(0) — C fi(< s >~ % X(s)+ < s >4 D(s))ds.
t
X(r) S<t >"ig, / <s>d D(s)ds < Ce.
0

T%(t) zr%(o)—c<t>% €.

e Stabilizing effect of the magnetic field on life span?
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Life span of the solution

(Boundary layer in the Prandtl-Hartmann regime)
Derived by Gerard-Varet & Prestipino

diut + w1 Oyt +u28yu1 = aybl + 8y2u1,
8yu1 +8y2b1 =0,
Oelt] + 8yu2 =0,

admits the classical Hartmann layer solution

up=(1—e?)a, up = 0.
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Life span of the solution

Denote the perturbation by (u,v), note that w = u, satisfies
a0+ (@(1—e™)+u)dew—ve ” +vo,0 = —0 + 9, 0.

Corresponding to the cancellation f; for Prandtl equations by
noting 7> = —1, set

g=u+w
to have

dig+(a(1—e )+ u)dig+voyg =—g+ 8y2g.

Tong Yang Boundary Layers Theories



Life span of the solution

(Theorem Xie-Y., ’18)

Assume ||yuio+uio —itl s < & << 1, with 0 < a < v2/2 and
1.'0,(1

1 < B <min{(2r+1)/3,2r—1},r > 1. Then there exists a unique

global solution (uy,uy) satisfying

2 10
lgllyrp <e(r), () >

T(1),00

Here, Mm:% withr > 1 and B > 1,

X = [|e®07gll 27" M, N8I3 = X X
’ m>0
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Life span of the solution

THANK YOU!
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