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Abstract

Using the method of moments, we prove that any polynomial mo-
ment of the solution of the homogeneous Boltzmann equation with
hard potentials or hard spheres is bounded as soon as a moment of
order strictly higher than 2 exists initially. We also give partial results
of convergence towards the Maxwellian equilibrium in the case of soft
potentials. Finally, exponential as well as Maxwellian estimates are
introduced for the Kac equation.

1 Introduction

The spatially homogeneous Boltzmann equation of rarefied gas dynamics
writes
of

E(tvv) - Q(f)(t,?}), (1'1)

where f is a nonnegative function of the time ¢ and the velocity v, and @
is a quadratic collision kernel taking in account any collisions preserving
momentum and kinetic energy:

aneo= [ [ ) fead) - ) ft)

v — U1

v —v1]

B(|lv —v],|w -

|) dwdvy, (1.2)



with
V=v—(w:(v—11))w, (1.3)

vi=v1 4+ (w- (v—v1))w, (1.4)

and the nonnegative cross section B depends on the type of interaction
between molecules (Cf. [Ce], [Ch, Co], [Tr, Mu]).

In a gas of hard spheres, the cross section is

B(z,y) =xy. (1.5)
However, for inverse st power forces with angular cut-off (Cf. [Cel, [Gr]),
B(z,y) = =" B(y), (1.6)

where a = i%‘;’, and there exists 51 > 0 such that for a.e. y € [0, 1],
0<B(y) <P (1.7)

When s > 5, the potentials are said to be hard and 0 < a < 1. But
when 3 < s < 5, the potentials are said to be soft and —1 < a < 0. The
intermediate case when s = 5 is called “Maxwellian molecules” and makes
exact computations possible (Cf. [Tr], [Tr, Mu] and [Bo]).

Since hard and soft potentials are fairly involved, (the function g is de-
fined implicitly), engineers often use in numerical computations the simpler
variable hard spheres (VHS) model, in which

B(x,y) = «%y, (1.8)

and 0 < a < 1. Note that, at least formally, for every function ¥ (v),

[ enewedr= [ [ ) - e@) s s

v —

B(‘U _U1‘7 ’w '

Yl |) dwdvdv, (1.9)
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and also
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—(v) = Y HFE) f(E 1) — f(t0) f(tv)}

v—
B(|jv —v1], |w - ‘U_vh\)dwdvldv. (1.10)
Uk

When 9(v) = 1,v, 5~ in (1.10), one obtains the conservation of mass,
momentum and energy for the Boltzmann kernel:

[oP®

Q(f)(t,v) (1,v, 5 )dv = 0. (1.11)

veIR3
Moreover, using (1.10) with ¢ = log f, one obtains the entropy estimate:
Q(f)(t,v) log f(t,v)dv < 0. (1.12)
veIR3

According to [A 1], [A 2], for any of the cross sections previously pre-
sented, there exists a nonnegative solution f(¢,v) of eq. (1.1) satisfying
f(0,v) = fo(v) as soon as fy is nonnegative and

[ol”

/ fo(w)(1 + 2=+ [1og fo(w)]) do < +00 (1.13)
vEIR3

for some r > 2. Moreover, estimates (1.11) and (1.12) hold for this solution,
and therefore f satisfies

/ Fitoo) (1o 2 g :/ folw) (1o, 5 (1.14)
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when ¢ > 0.

Note that condition (1.13) can be relaxed by taking r = 2 for the proof of
existence, but in that case (1.14) may not hold (at least for soft potentials).
Note also the results in [DP, L 1] of existence and weak stability for the
inhomogeneous equation.

In this work, when we consider solutions of the Boltzmann equation (1.1),
it will always be the nonnegative solutions of [A 1] or [A 2].

It is now well-known that in the case of VHS models (including hard
spheres) and hard potentials (including Maxwellian molecules), the moments
of the solution of the Boltzmann equation

L(t) = /velR?’ £(t,0) o] dv (1.16)
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for > 2, are bounded on [0, +00[ as soon as they exist at time ¢ = 0 (Cf. [El
1]).
The same estimate holds for soft potentials, except that [,.(¢) is bounded
only on [0,7T] for T > 0 and may blow up when ¢ goes to infinity (Cf. [A 2]).
Note finally that the case of Maxwellian molecules is treated extensively
in [Tr, Mu] and [Bo].

We shall prove in section 2 that in fact, for VHS models (including
hard spheres) as well as in the case of hard potentials (but not including
Maxwellian molecules) and under assumption (1.13), the moments l,(t) (for
g > 2) are bounded on [{,+oo[ (for any ¢ > 0). In other words, every
polynomial moments of f exist for ¢ > 0 as soon as one of them (of order
strictly higher than 2) exists initially.

In section 3, we give some estimates for the solution f of eq. (1.1) with
soft potentials. We write the cross section B under the form

B(z,y) =277 B(y), (1.17)

with v > 0 (y = —a in eq. (1.6)).
We prove that as soon as [,(0) exists (with r > 2), we can find Ky > 0
such that
I (t) < Kot + Kp. (1.18)

This estimate is a little more explicit than that of [A 2]. Moreover, we get
also

t
/ L (s)ds < Kot + Ko, (1.19)
0

which means that ,_, is bounded in the Cesaro sense. Note that the same
kind of estimates can be found in [Pe 1] and [Pe 2], in a linear context.
Note also that the estimates can be derived from the works of Elmroth
(Cf. [El 1] and [El 2]). However, we give here for the sake of completness a
self-contained proof.

These estimates are then used to prove partial results of convergence
towards the equilibrium when ¢ goes to infinity (the reader can find a survey
on this subject in [De 2]).

Finally, in section 4, we introduce Kac’s model (Cf. [K], [MK]) and,
using monotony results, we prove exponential and Maxwellian estimates for
its solution.



2 Hard potentials

The bounds that we present in this work are based on formula (1.9). The
exploitation of this estimate is called “method of moments”. We begin by
putting (1.9) under a new form.

Writing
w—cosH‘vl_v’ + sin 6 (cos @ 1y, p, + SN G fu, vy ), (2.1)
where
=y 22)

is an orthonormal basis of IR3, estimate (1.9) becomes

veIR3 Q(f)(t dv - /velR3 /1)1 €Rr3 /qs /(:/2

v — v . . o
{¢(v+cos€ |v—v1|{cos@ |v1 o + sin 6 (cos iy, +Sin Py )}) — ¢(v)}

f(t,v) f(t,v1)2sin 6 B(|v — v1]|, cos 0) dfdedvidv. (2.3)
Introducing in eq. (2.3) the change of variables 6 = %, and defining

Rs 4( |Zi : Z|) = cosd |Z1 ] + sind (cos @iy, + SN jye, ), (2.4)
one obtains
Q(f)(t,v)h(v) dv
veIR3
v+ovr v —| v — v 3
/velR?’ /vlelR?’ /¢> /6 0 { ( * 2 B lv1 — v )) T/)(U)}
f(t,v) f(t,v1) sin g B(|v — vy], cos 5) dodgdu, dv, (2.5)

which is in fact a classical form for the Boltzmann collision term (Cf. [Bo]
or [De 3] for example). We state now three useful lemmas:

Lemma 1: Assume that € > 0 and that A is a strictly positive function of
L>([0,7]). Then, there exists K1 > 0 and two functions Ty (v,v1), Te(v,v1)

5

v—vl||v—{—v1|
v2+v




v — U v4 v\
. A(d) ddd
< (Rool =) )| A dis
= Tl(v,vl) +T2(U,U1), (2.6)
with
T1 (U, 1)1) = —T1 (1)1, 1)) (2.7)
and
0 < To(v,0) < K1 < 27 / A(8) d6. (2.8)
6=0

Proof of lemma 1: We take the following notations for i = 1,2:

|v —v1||v + vy vi—v, v+
o) = [ [ (M () s,

v2 + v? v —v|” v+ 1]
(2.9)
with - , -
1+z) 4+ (-1)*(1 —x)™*
We can see that
W(v,v1) = Ti(v,v1) + Ta(v,v1), (2.11)
and
Tl(v, ’Ul) = —T1 (’Ul, U). (212)
But x2 is even, strictly increasing from x = 0 to x = 1, and
x2(0) =1, x2(1) = 2°. (2.13)
Therefore, using the inequality
v — v1||v 4+ v1] < v + i, (2.14)
we obtain the estimate
0 < Ty(v,vy) <2MFen A(6) do. (2.15)

6=0

Then, a simple argument of compactness ensures that lemma 1 holds.

We now prove the second lemma.



Lemma 2: Assume that € > 0 and that the cross section B in (1.2)

satisfies
B(z,y) = Bo(x)Bi(y), (2.16)

where By € L*>(]0,7]) is strictly positive. Then, there exists Ko > 0 and
K3 €]0, 1] such that

/ Q) (t, ) [0 dv < K / (02 + v2)IHe — Jy|2H2e)
veIR3 vEIR3 U16R3

X f(t,v) f(t,v1) Bo(|Jv — v1|) dvydv. (2.17)

Proof of lemma 2: According to eq. (2.5), for € > 0,

- Q(f)(t, v) ]v[2+2€dv /UEIR3 /UIEIRS{ v? +v1 1+e/¢ /5 0
)

1+e

sin — B1 cosé)dédqﬁ

\v—lev—i—v1!< (01—0 v+
5

1
‘ + v2 +v?

lvg — v| v+ v
g2e [T [T .0 o

— |v] sin = By(cos =) dode ¢ f(t,v) f(t,v1) Bo(|Jv — v1|) dvidv.
$=0.J6=0 2 2

(2.18)

Moreover, using lemma 1 with

A(0) = singBl(cosg), (2.19)

we have

QUf)(t,v) [ dv

velR3

v2 —|—1)2
S/ / {(71)14_5 (Kl +T1(U,Ul))
velR3 Jv €IR3 2

2w u
o [T sing Bucos 3) oo £(60) £t 1) Boflo = wi]) dund,
¢=0Js=0 2 2
(2.20)
with K7 and T (v,v1) as in lemma 1. Therefore, taking

Ky = 271/ sin 0 Bi(cos é) do, (2.21)
6=0 2 2



K; ™ 0 0 -1
K3 = in— B — 1 2.22
3 21+€7T(/(50s1n2 1(0082)d5) <1, ( )

and using the change of variables (v,v1) — (v1,v), we obtain lemma 2.
We prove now the last lemma.

Lemma 3: Let B and € be as in lemma 2. Then, there exist K4, K5 > 0
such that

QUf)(t,v) [ dv

veIR3

< —K4/ / [o>T2€ f(t,v) f(t,v1) Bo(|v — v1]) dvrdv
veIR? Jvi€IR3

#Ks [ Pl A ) £t o) Bollo = vil) dende. (223)
veIR3 Jvi €IR3

Proof of lemma 3: Note that there exists Kg > 0 such that
(0 4+ 01) T < P 4 [onPT 4 K ([P on* + oo ). (2.24)
Using lemma 2 and the change of variables (v,v;) — (v1,v), one easily
obtains lemma 3 with Ky = K5 (1 — K3) and K5 = Ky K3 K.
We now come to the main theorem of this section.
Theorem 1: Let fy satisfying (1.13) be a nonnegative initial datum for
the Boltzmann equation (1.1) with hard potentials (but not with Mazwellian

molecules) or with the VHS model (including hard spheres). We denote by
f(t,v) a solution of the equation with this initial datum.

Then, for all v’ > 0,t > 0, there exists C(r',t) > 0 such that
/ Flt,0) ol dv < CF) (2.25)
velR3
when t > t.
Proof of theorem 1: According to (1.6) and (1.8), the cross section
for hard potentials (but not Maxwellian molecules) or for the VHS model

(including hard spheres) is of the form (2.16) with By(z) = |z|%, and « €
10,1]. Therefore, we can apply lemma 3. For € > 0, we write



[ Qo) o do
veIR?

<k [ [ P e e () £t o) dudo
velR3 Ju1€lR?

+K5/ / 02 [o1 % [0 — o1 f(£,0) f(t01) dvide (2.26)
veIR3 Jvi €IR3
< K42 % lagoctalt) lo(t) + Ka 22 Io(t) laeta(t)
+ K5 lova(t) l2e(t) + Kslaera(t) l2(1), (2:27)

with the notation (1.16).

Since f is solution of eq. (1.1), the conservations of mass and energy
(1.14) ensure that for 6 € [0,2], lg(¢) is bounded (for ¢ > 0). Therefore,
there exist K7, Kg, K9 > 0 such that

/GIR3 Q(f)(t,v) [v]* " dv < —K7layoera(t) + Ks laya(t) loe(t) + Ko locral(t).

(2.28)

Remember that ¢ > 0 and r > 2 are given in the hypothesis of theorem 1

(r is defined in (1.13)). We can always suppose that » < 4. We prove in a

first step that there exists ¢ty €]0,¢ [ such that I, 1, (¢) is bounded on [tg, +00[.
According to Holder’s inequality, when 0 < u < v,

Lu(t) < IV (8 1407 (2). (2.29)

Therefore, using estimate (2.28) with ¢ = § — 1, one obtains

Qf)(t,v) [v|"dv < — K7l 4a(t)
veIR3

2+« 2+« r4+a—2 r+a—2

1-== rro—z 1—rta—2
+EKITo ()l ") L—2(t) + Kol 15" (t)ly " (t). (2.30)

Remember that since r—2 €]0, 2], the moments ly(¢) and [, _2(¢) are bounded
on [0, +00[. Moreover, we can find K9, K11 > 0 such that whenx > 0,¢ > 0,

2ta 1_2+a r+a—2 1_&_2
—K7;x+ Kgxr+a lO rte (t)lr_g(t) + Kgx r+a lO rte (t) < —-Kippzx + Kq1.
(2.31)
Therefore,
[l do < —Koleal®) + K. (232
velR3
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Integrating the Boltzmann equation (1.1) on [0,7] x IR? against |v|” and
using estimate (2.32), one gets

t
() + Ko / Lya(s)ds < K T +1,(0). (2.33)
0

According to (1.13) and (2.33), we can see that there exists tg €]0,¢ [ such
that l,14(tg) < +00. But it is well known that if a moment exists at a given
time t¢, then it is bounded for ¢ > ¢y (Cf. [El 1] or the remark at the end of
section 2), therefore [, 1 () is bounded for ¢ > tg.

We now come back to estimate (2.28). Using equation (2.29), an esti-
mate similar to (2.31) and the result of boundedness for [,,(t), one obtains
Kio, K13 > 0 such that

o GG [07*2 dv < — K12 lyszera(t) + Kis (2.34)
ve
for t > tg.

We now integrate (when ¢ty < t_ < t) the Boltzmann equation (1.1) on
[t_,t] x IR? against |v]?*T2¢ and we use estimate (2.34) to obtain

— E —
12+26(t) + K12 /t l2+25+a(8) ds S Klg (t - t_) + 12+26(t_). (2.35)

Therefore, if to < t_ and if loqo.(t—) < +oo, there exists 7 € [t_, [ such
that l2+26+a(7) < +00.

Finally, we note that any moment is bounded on [r, +00[ as soon as it
is defined at time 7 (Cf. [El 1]), and we use a proof by induction to get
theorem 1.

Remark: Note that using eq. (2.35), we can produce explicitly the max-
imum principle for loy9.. Namely when € > 0, estimate (2.29) ensures that
there exists K14 > 0 such that

242e+a

d
Jplree(t) < —Kualy50 (1) + Kas, (2.36)

which gives

K e
LSEI ) (2.37)

l2+25 (t) S sup (l2+25 (t_)7 ( K14 ) 242e+a
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for t > ¢t_ (this is another proof of the result of [El 1]).

Remark: Theorem 1 can be applied in a lot of situations. For example, it
allows to simplify the results on exponential convergence towards equilibrium
stated in [A 3]. Namely, the hypothesis used in [A 3] is that there exists
enough moments initially bounded.

Note also the recent application of this theorem by Wennberg in [We]| to
the problem of uniqueness of the solution of the Boltzmann equation with
hard potentials.

Finally, note that in the same work, Wennberg proves a similar theorem
in an LP N L' setting.

3 Soft potentials

We consider in this section the Boltzmann equation (1.1) with a cross section
B of the form

B(z,y) =277 B(y), (3.1)

with v > 0 (y = —a in formula (1.6)), and § satisfying (1.7). This is exactly
the hypothesis of soft potentials.

We begin by proving the

Theorem 2: We consider the operator @ defined in (1.2) with B satis-
fying (3.1). Then for € > 0, there exist Koy, K21 > 0 such that

QU ) o2 dv < Koo~ Kot | ft.0) ol do - (32)

velR3 velR3

when f(t,v) satisfies the conservations of mass and energy (1.14). (The
constants Kog and Koy depend in fact of this mass and this energy).

Proof of theorem 2: According to eq. (2.5), for € > 0,

| e
velR3

v+vr v —| v —v |22 2+2}
_ + R v]eTee
/U€R3 /1)1611%3/¢ /6 0{ 2 M)(\Ul —U’) ~ il
ft,v) f(t,v1) v —v1]77 sin g B( cos g) dédpduy dv. (3.3)
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We make the change of variables u = v; — v, and consider the integral in
(3.3) when |u| > 3 and when |u| < 3. Then, we use lemma 3 for the first
term and get

QUf)(t,v) [ dv

veIR3

<K [ ) £t o) Bolly = v dude
veIR3 Jvi €IR3

#8s [ [ el f0) £t en) Bo(le - ) dosdo
vEIR3 Juv1€IR3

_|_( 172_{_26/ / / / ||+ 1+26
veIR3 \u|< ¢=0 J35=0

X f(t,v) f(t,v+u)sin = ﬁ( cos —) dédpdudv, (3.4)

where

With the notation (1.16), one obtains after computations:

QU)o o < = B0 T

velR3 0 t) + l2(t)

B U002 + 2 Koo (1) ((0) + HHol0) + K527 o(t) ()

+ 2“25 (2+26) 7°B1 lgae (1) lo () + 2771 (24 2¢) 261 (lo(1))%. (3.6)
Since we supposed that lo(t) = lp(0) and la(t) = I2(0), there exist K15, Kig,
Ki7, Kig, K19 > 0 such that

- Q) (t,v) [ dv < —Ki5lay9e~(t) + Kigliy2e(t)

+K17 lQe(t) + Klg lQe_v(t) + Klg. (3.7)
Using estimate (2.29) and working as in (2.31), we obtain theorem 2.

We give now the main corollaries of this theorem

Corollary 2.1: We suppose that f(t,v) is a solution of the Boltzmann
equation (1.1) with a cross section B satisfying (3.1)(i-e in the case of soft

12



potentials), such that f(0,v) = fo(v) > 0 and fo satisfies (1.13). Then,
there exists Ko > 0 such that

/ ft,v) |v]"dv < Kot + K (3.8)
velR3
(with r defined in (1.13)).

Proof of corollary 2.1: Integrating the Boltzmann equation (1.1) on
, T X against |v|” and using theorem 2 with e = 5 — 1, one obtains
0,t] x IR? agai " and using th 2withe=15—-1 btai

[ fwordo = [ gl
veIR3 R3

ve
¢
< Koot — Ko1 / / f(s,v) |77 dvds, (3.9)
0 JvelR3
which yields estimate (3.8) for Ky = sup (K20, [,(0)).
Corollary 2.2: We suppose that f(t,v) is a solution of the Boltzmann

equation (1.1) with a cross section B satisfying (3.1)(i-e in the case of soft
potentials), such that f(0,v) = fo(v) >0 and

[ Fo@) (14 ol + 105 fo(w)]) dv < +00 (3.10)

for some r > 2+ . Then, there exist Ko, Kog > 0 such that

t
/0 /velR3 f(s,0) |v]"7 7 dvds < Kot + Ko, (3.11)
and p
o / L 0 T dv < Ko, (3.12)

Proof of corollary 2.2: Estimate (3.11) comes out of eq. (3.9). More-
over, injecting € = £ — 3 — 1 in theorem 2, we immediately obtain estimate

(3.12).

We now give a corollary of formulas (3.11) and (3.12), relative to the
convergence towards equilibrium for the Boltzmann equation (1.1) with soft
potentials.
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Corollary 2.3: We suppose that f(t,v) is a solution of the Boltzmann
equation (1.1) with a cross section B satisfying (3.1)(i-e in the case of soft
potentials), such that f(0,v) = fo(v) >0 and

[ Ro@)(3+ ol + log fo(w)) do < +o0 (313)
veIR3
for some r > 2+ ~. Then, there exists a sequence (t,)nemn going to infinity

such that for allT > 0, fn(t,v) = f(t+tn,v) converges in L>=([0, T]; L' (IR3))
weak * to the time—independant Mazwellian

p _lv-al®
= ———=———_ -14
mo) = e (.14
with
ﬁ:/ fo(v) dv, (3.15)
velR?
pu :/ v fo(v) dv, (3.16)
velR3
and ) )
_al 3 _ - ]
— 4+ =-pT = — dv. 3.17
Pyt 5P e COEL (3.17)

Proof of corollary 2.3: We first note that the solution f of the Boltz-
mann equation (1.1) with soft potentials satisfies the following entropy es-
timate:

sup [ f(t,0) |1og £t 0)] do
te[0,4-o0[ JveER3

N :;o - /R [ ) Flsth) = Fls0) Fs.00))

log {%} v — 01|77 B(|w - ‘Z : 21’ |) dwdvidvds < 4+00. (3.18)

This inequality is obtained from (1.12), (1.14), (1.15) and (3.13) as in the
space—dependant case (Cf. [DP, L 1] and [DP, L 2]).

Now according to corollary 2.2, there exists a sequence (¢, )ne N going to
infinity and 7 = r — v > 2 such that

[ St o do < Ko+ 1. (319

14



Moreover, because of estimate (3.12), we have for ¢ € [0,T7],
/ f(tn—i-t,?)) ‘U‘F dv < Ko+ 1+ Koo T. (320)
velR3

Denoting
D(z.y) = (x —y)log <§>, (3.21)

and using estimates (3.18), (3.20) and the conservation of mass (1.14), we
can find K3 > 0 such that f,(¢t,v) = f(t + ¢, v) satisfies:

sup / Fult,0) {14+ [0 + [Tog fu(t, v)|} dv < Kas, (3.22)
t€[0,7] JvelR3

and

/sio /vezRS /vlezRS /wESQ P(fu(s,0) fuls, 1), fa(s,v) fuls, v1))

vV — U1

v — 1|77 B(|lw |) dwdvidvds — 0. (3.23)

|v — 1] n—s+o00
According to estimate (3.22), there exists a subsequence of f,, (still de-
noted by f,,) which converges to a limit m(¢,v) in L°°([0, T]; L' (IR?)) weak *.

To prove that m is a Maxwellian function of v which does not depend
on t, one can proceed essentially as in [De 1].

Then, one must identify 5, @, and T

Using the conservations of mass, impulsion and energy (1.14), one gets
for all ¢ € 0,77,

/ Fult,0) (1,0,
vEIR3

But because of estimate (3.22),

o[ [of?

= [ pe e S 329

/t O/UE%23 (1, v, |v| fn(t,v) dvodt —> T/ (1,v, |v m(v)dv, (3.25)

and therefore the parameters j ,i, T are given by formulas (3.15) — (3.17).
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Remark: This is only a partial result. One would expect in fact that the
whole function tends when t — 400 to the Maxwellian given in (3.14) —
(3.17). Note that this is the case when hard potentials are concerned, the
convergence being even strong and exponential under suitable assumptions
(Cf. [A 3]). Note also that the existence of a converging subsequence for
any sequence t, going to infinity can be derived from the papers of Arkeryd
(Cf. [A 2]), but the limits in that case may have less energy than the initial
datum.

3.1 The Kac equation

We introduce now the one-dimensional homogeneous Kac model (Cf. [K],
[MK]), where all collisions have the same probability. The density f(¢,v) > 0
of particles which at time ¢ move with velocity v satisfies

of /
E(tvv) =Q (f)(t,?}), (4'1)

where Q' is a quadratic collision kernel:

Q)= [ [T (o ) - St st} g, (@2)

v* = /v +0? cosb, (4.3)
v = \/v2 + v? sind. (4.4)

It is easy to prove (at least at the formal level) the conservation of mass and
energy

with

o) 4
| renaEa= [ o

and the entropy estimate

o[

5 ) dv, (4.5)

/ f(t,v) log f(t,v)dv < / £(0,v) log f(0,v) dv. (4.6)
veEIR veIR

S

Adapting for example the proof of Arkeryd (Cf. [A 1] or [De 4]) for the
Boltzmann equation, one can prove that as soon as fy > 0 satisfies

/v o Fo) (L [of? 4 Log fo(w)]) dv < +oc, (4.7)
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there exists a solution of the Kac equation (4.1) such that f(0,v) = fo(v).
Moreover, this solution satisfies estimates (4.5) and (4.6).

It is also easy to adapt the theorems of Truesdell (Cf. [Tr] and [Tr, Mu])
for this equation. Namely, one can give an explicit induction formula to
compute the moments

_ / F(t,0) " do (4.8)
velR

when n € IN, as soon as these moments exist initially. Therefore, we do not
deal in this work with the polynomial moments of f, but rather with the
Maxwellian moments

M(t,2) = / _ ft) A o, (4.9)

for A > 0.
We begin by proving the following theorem:

Theorem 3: Let fy > 0 satisfy (4.7), and consider a solution f(t,v) of
the Kac equation (4.1) such that f(0,v) = fo(v).

Suppose moreover that there exists Ao > 0 such that M(0,\g) < 400.
Then, there exists X > 0 and Ko4 > 0 such that whent > 0, M (t, ) < Koq.

Proof of theorem 3: We look for an equation satisfied by M (¢, A).

(9 )\1}2
at./\/lft)\ / Q'(f)(t,v) e dv

— /UER/U eR/_ﬂ f(t,v) f(t,vl) {eAU*Q _ } d(gdvldv

=L s feen AN 0 - )
ve V1€ =—7

= /9:7r (M?ﬁ(t,)\cosz 0) — Mf(t, A) ./\/lf(O,())) %’ (4.10)

since the conservation of mass (4.5) holds.

For any p,T > 0, we denote by ms T the steady Maxwellian of density p
and temperature 7,

(4.11)



It is easy to see that m- = is a steady solution of the Kac equation (4.1).
p7
Therefore

D

My —(t,\) = ——— 4.12

iy 00) = L (1.12)

is a steady solution of equation (4.10) on [0, +o0[Xx[0
directly on equation (4.10)).

1 . .
, 77 (this can be seen

~ We now prove that under the hypothesis of theorem 3, there exist
A > 0,7 > 0, such that
YA€ [0,],  Ms(0,)) < Min_ (0,2, (4.13)
with
5= / £(0,v)dv. (4.14)
veEIR

In order to prove (4.13), we use a development around 0 of M (0, A):

M (0,)) = /UEIRf(O,v) Ay

1
= / £(0,0) (1 + Ao? + Aot / (1- u)e)‘“”2du) dv
velR u=0

:/ £(0,0) dv + )\/ £(0,0) o]? dv + O(N2), (4.15)
velR velR

since

1
/ £(0,v)v* (/ (1—w) e’ du) dv < / £(0,v)v* M dv < 400
velR u=0 velR

(4.16)
when A < A.
But B
Min_=(0,0) =5+ AT + O(\?), (4.17)
and therefore (4.13) holds as soon as we take A small enough and
1 )
T> = £(0,v) |v|* dv. (4.18)

P JvelR
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But equation (4.10) satisfies clearly the following monotony property: If
a(0,\) and b(0,\) are two initial data for (4.10) and \ is a strictly positive
number such that

YA€ [0, )], a(0,\) < b(0,\), (4.19)

and
a(0,0) = b(0,0), (4.20)

then for all ¢ > 0, the solutions a(t, A) and b(t, A) of (4.10) satisfy
VA€ [0,N], a(t,\) < b(t,\). (4.21)
According to (4.12), (4.13), (4.21), and taking
1

0 < X < inf (),
2T

) (4.22)
we obtain theorem 3.

We now give estimates for the exponential moments:
Ni(t,\) = / F(t,0) e do, (4.23)
velR

for A € IR.

We can prove the following theorem:

Theorem 4: Let fy > 0 satisfy (4.7), and consider a solution f(t,v) of
the Kac equation (4.1) such that f(0,v) = fo(v).

Suppose moreover that there exists Ao > 0 such that Ny(0, ) < 400,
N£(0, =)o) < 400, and

/ fo(w)vdv =0. (4.24)
velR

Then, there exists X > 0 and Koz > 0 such that Ny(t,X) + N(t, —X) < Kos
fort>0.

Proof of theorem 4: It is easy to see that

a s
a./\/f(t, A) = /

{NF(t, Acos 0) Ny (t, Asin€) — Ny (t, \) Nf(0,0)} g
) (4.25)
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Moreover, since M7 is a steady solution of the Kac equation (4.1),

N —(t,\) =pe=T (4.26)

5
is a steady solution of equation (4.25) on [0,+oo[xIR (this can be seen
directly on equation (4.25)).

Then, the proof is quite similar to the proof of theorem 3.
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