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Abstract This paper concerns reaction—diffusion systems consisting of three
or four equations, which come out of reversible chemistry. We introduce differ-
ent scalings for those systems, which make sense in various situations (species
with very different concentrations or very different diffusion rates, chemical
reactions with very different rates, etc.). We show how recently introduced
mathematical tools allow to prove that the formal asymptotics associated to
those scalings indeed hold at the rigorous level.
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1 Introduction

A generic reversible reaction like
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between chemical species Ay, ..., A, diffusing in a non-reactive background
can be modeled by the reaction—diffusion system
Oy — diAglty = Ups — vi)ay* =@ — k(s —vi)ay™ -, (2)

where the r.h.s. of the system expresses the mass action law (cf. for example
[10] for a complete presentation of the mass action law). Here d; is the diffusion
rate of the species A;, p1;, and v; are the stoichiometric coefficients associated to
the chemical reaction (1) and ¢, k are the reaction rates. Finally, the unknowns
a; = a;(t, z) are the concentrations of the chemical species A; at time t € R
and point x.

When the species are confined in a chemical reactor modeled by a domain
2 C RY, we add to (2) the homogeneous Neumann boundary conditions

Vaai(t,z) -n(x) =0, Ve e 012, teRy, (3)

where n := n(z) is the outward normal vector at point  on the boundary 912
of the domain {2.
Finally, we introduce nonnegative initial data

for the concentrations (note that eq.(2) preserves nonnegativeness of each con-
centration in the time evolution).

Recently, reaction—diffusion equations like (2) have attracted a lot of atten-
tion from the mathematical community. The difficulties in the mathematical
treatment increase according to increment of number of involved species, of
dimension N, and of exponents u;, v;.

Among recent results, let us quote the existence of renormalized solutions
for general equations of the form (2) (cf. [9]), and the existence of regular
solutions for p =4, g = pus =1, v =vy =1, vy =v3 =0, ug = pug = 0,
N = 2 (cf. [11] and [4]). Among the tools available to treat systems like (2)
we shall use in this work the entropy structure related to the reversibility of
eq.(2), the duality lemmas introduced in [13], and their refinement described
in [4].

This paper is devoted to the study of some singular limits of simple rescaled
systems of the form (2) appearing in the study of chemical reactions. Note
that this subject has already been investigated, especially in the special case
of the so-called QSSA (cf. [1], [3]) in the context of reversible chemistry. Note
also that other papers are devoted to the study of such limits in the case of
irreversible chemistry ([5], [12]).

In order to explain how the considered singular limits naturally appear, let
us introduce new variables and parameters in the following way:

ai(t,x) = Ajai(t, @), aw(r) = Aja(z), di = Dyds, =Lt k=Kk, (5)
where A;, D;, L, K > 0, and a;, d;, ¢, k are of order 1. Then eq.(2) writes
AiOva; — Didi AiAza; = LE (i — v;) AV ad - ~A;Pagp
Kk (u—v) Alal - Apae,(6)
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whereas (3), (4) become
Ve € 02, teRy, Vzai(t,z) - n(x) =0, a;(0,z) = a;o(x) > 0. (7)

Note then that various singular limits can appear depending whether the
coeflicients A;, D;, L, K have the same order of magnitude or not. For example,
if one species, say A;, corresponds to very small-mass molecules with respect
to another species, say Aj;, we expect that D; >> D;. If some species, say A;,
is very unstable (radical, excited state of a given molecule, etc.) and some other
Aj; is stable, we expect that 4; << A;. Finally (and this sometimes depends
on the temperature), we can have reaction rates which are of the same order
of magnitude, i.e. K = L, or of different order of magnitude, K << L.

In this work, we wish to focus on specific examples which illustrate the
mathematical difficulties related to typical choices of the parameters A;, D;,
L, K.

First we consider the case of equation (2) when p = 3 (three species), and
w1 =1, uo =pu3 =0; 11 =0, vy =v3 =1, that is

A = Ay + A, (8)

or

./41 +B:A2+A37 (9)

where B is a species “in excess”, that is having a concentration so large that
it can be assumed as constant in the evolution (and thus not appearing in the
equations).

Then eq.(2) writes

8y @y — dy Agay = lanas — kan,
Opag — dy Azay = kay — lag as, (10)
Oy a3 —ds Azaz = kay — fasas,

and the choice Ay = ¢, Ao =A3=1,D1 =Dy =D3=1,L=1, K =1/e
leads to
a(&t ay; — dl Azal) = Kazag — kal,
8t as — d2 Amag = ka1 — fagag, (11)
8t as — d3 Amag = ka1 — fagag,

whereas the choice Ay = ¢, Ao = A3 =1, D1 =1/e, Dy = D3 =1, L =1,
K =1/¢ leads to

Eat ayp — dl Amal = fagag — kal,
8t ag — d2 AIGQ = kal — éaztlg, (12)
8t az — d3 Amﬁg = kal — éCLQCLg.

Examples of dissociation/recombination reactions of type (8), leading to
the scaled forms (11) are provided, in sufficiently high temperature regime, by
the following one

HO = Hy+O.
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In this reaction, the water, HyO has a concentration that can be supposed
much smaller than those of the other two species since, due to high tempera-
ture, the dissociation process is dominant. At the same time and for the same
reason the reaction rate Kk can be assumed much larger than the other, L/,
relative to the recombination process. Moreover, since the masses of the in-
volved species are of the same order, it is natural to expect their diffusion
rates to be of the same order too, and this corresponds to the scaling leading
to system (11).

It is not frequent to find chemical reactions leading to equations of the type
of system (12). Nevertheless, it can occur for example when one considers a
chemical reaction like (9), when A and A3 have a much bigger mass than A;
(a configuration which cannot happen for the chemical reaction (8) because of
the conservation of mass).

As a second case, we consider a reversible bimolecular reaction correspond-
ing to p = 4 (four species) in equation (2), and u1 = pg = 1, po = pg = 0;
v1 =v3 =0, 1y =14 =1, that is

A+ A3 = Ay + Ay (13)
Then eq.(2) re-writes (for i = 1,...,4)

Oy — dy Agd; = (—1)7+! (25254 - %alag) , (14)

andthechoiceAlzs, A2=A3=A4=1,D1=D2:D3:D4=1,L=1,
K =1/¢ leads to

e (8t ay — dl Azal) = 6&20,4 — kalag,,
(15)
at a; — dj Amaj = (—1)j+1 (f asay4 — kalag) s ] = 2, 3, 4.

Another scaled equation can be obtained in the case of a reaction with
two unstable species, say Aj, As. The choice A} = Ay = ¢, A3 = Ay = 1,
Dy =Dy=D3s=Dys=1, L =K = 1/¢ then leads to

E(at a; —di Amal) = (—1)i+1 (fag ay —ka1 a3), 7 = 1,2,
(16)
8t a; —di Amai = (—1)i+1 (fag a4q —kal ag), ) 23,4.

The reaction
O+OOQ - CO+OQ,

appearing in the reactive oxygen—carbon chain, can be cited as example for
the scaled form (15). Here, in fact, the atom of oxygen is strongly unstable,
which justifies the assumptions that its concentration is much smaller than
the others, and that the reaction rate Kk, relative to the encounters O and
COs, is much higher than the other rate L.

The scaled form (16) can describe, for example, two typical reactions of
the oxygen—nitrogen chain, i.e.

N+0O; = O+ NO, N+ NO = O+ No,



Asymptotic limits in reversible chemistry 5

in which both atoms N and O are unstable. In both these scalings the diffusion
rates are expected to be of the same order since the masses are of the same
order.

Note that the asymptotics appearing in (12) leads formally at the limit to
a nontrivial system of coupled elliptic and parabolic equations, that is

{ —d1 Awal = fagag — ka1 (17)

8taj—demaj:ka1—€a2a3, j:2,3,

whereas the asymptotics appearing in (11), (15) and (16) lead at the limit to
an uncoupled system of standard heat equations, that is, for (11):

6taj - demaj = 0, j = 2, 3, (18)
for (15):
8,5(1]' - dezaj = O, ] = 2, 3,4. (19)
and for (16):
8taj - dezaj = 0, ] = 3,4. (20)

Our main results show that those formal asymptotics indeed rigorously
hold, (with some restriction in the case of (19)) (and sometimes only in di-
mension N = 1 or N = 2). More precisely, we obtain the

Proposition 1 Let dy,ds,ds > 0 be the diffusion rates and k,£ > 0 be the
reaction rates. We consider a bounded smooth domain §2 C RY, together with
initial data € a9, asg, asg € L2(Q)

Then for each € > 0, there exists a unique smooth (for t > 0) solution
a5, a5, a§ of (11) with homogeneous Neumann boundary condition and such
that a5(0,x) = e aio(z), a5(0,z) = ajo(x), j = 2,3.

Moreover, for all T >0, a§ = ay in L'([0,T] x £2) weak, a5 — a; a.e. on
[0,T]x 2 for j = 2,3 where kay; = Lasasz, and az, as is the unique (smooth for
t > 0) solution of the heat equation (18) with homogeneous Neumann boundary
conditions and initial data a;(0,z) = ajo(x), 7 =2,3. O

Proposition 2 Let dy,ds,ds > 0 be the diffusion rates and k,¢ > 0 be the
reaction rates. We consider a bounded smooth domain 2 C RN with N = 1,
together with initial data € a1g, azo, aszo € L(£2).

Then for each € > 0, there exists a unique smooth (for t > 0) solution
a5, as,a5 of (12) with homogeneous Neumann boundary condition and such
that a5(0,r) = € aio(z), a5(0,z) = ajo(x), j = 2,3.

Moreover, for all T > 0, up to extraction of subsequences, ai — a1 in
LY([0,T] x £2) in the sense of weak measures, a5 — aj for j = 2,3 and in
LP[0,T] x £2) (strong) for some p > 2. Finally, for a.e. t € [0,T],

/éagagda::/ kaq dx, (21)
0 12,
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and equations (17) (together with the homogeneous Neumann boundary con-
ditions and initial data a;(0,x) = ajo(z), j =2,3) hold in the following weak
sense:

for all test functions ©1, 2, p3 € CH([0,T[x£2)

T T
—dy / / a1 Az dadt = / / (Lazas — k ay)y dadt, (22)
o Jo o Jo

j=23: —/ajo( ) (0, ) d:v—/ /ajatcpjdxdt

—d; / /aj 2pj dedt = / / (ka1 —Lagas)p;dxdt. O

(23)

Proposition 3 Let d; > 0 (i = 1,...,4) be the diffusion rates and k,£ > 0
be the reaction rates. We consider a bounded smooth domain 2 C RN, with
N =1 or N = 2, together with initial data € ayo, azo, aso, aso € L?(£2).

Then for each € > 0, there exists a unique smooth (for t > 0) solution
as,...,ai of (15) with homogeneous Neumann boundary condition and such
that a5(0,x) = € aio(z), a5(0,z) = ajo(z), j = 2,3,4.

Moreover, for all T > 0, there exists g € L*([0,T] x 2) such that a5a§ — g
in L'([0,T] x 2) weak, a5 — aj for j =2,3,4, and in LP([0,T] x §2) (strong)
for some p > 2. Then, for j =2,3,4,

8taj — dj Azaj = ( )J+1 (6 aga4 — kg) (24)

in the sense of distributions, or more precisely in the following weak sense:
for all test functions @2, p3, s € CH([0,T[x2), and j = 2,3,4,

_/ ajo(z)e;(0,z dil?—/ /aJ O dxdt
_d/ /a] 2 dedt = / / 1+ (Casaq — kg) dadt. (25)

Finally,
as (8 —di Ay) " (Cazaq — kg) =0, (26)

where (8, — dy A,) ™" is the reciprocal of the heat operator on [0,T] x 2 with
homogeneous Neumann boundary conditions and zero initial datum. O

Proposition 4 Let d; > 0 (1 = 1,...,4) be diffusion rates and k,¢ > 0 be
reaction rates. We consider a bounded smooth domain 2, and initial data
£ aip, €az0, asp, a40 m LQ(Q)

Then for each € > 0, there exists a weak (for t > 0) solution a5, ..., a5 of
(16) with homogeneous Neumann boundary conditions and such that a5 (0, z) =



Asymptotic limits in reversible chemistry 7

aio(x) when i = 3,4, and a5(0,2) = €ao(x) when i = 1,2. This solution is
smooth when N =1 or N = 2.
Moreover, for some p > 2, a5 — a; in LP([0,T] x £2) (strong) when i = 3,4,
and a§ — a; in LP([0,T) x £2) weak when i = 1,2, where a; € LP([0,T] x £2).
Finally,

6&20,4 = kalag, 8t (al + CLQ) — Az (dl al + dg CLQ) = O, (27)
8,5&3 - d3 Axag = O, 815&4 - d4 Aza4 =0. ] (28)

As explained in the beginning of the introduction, these four propositions
are consequences of the entropy structure of the equations, and of (revised
versions of) duality lemmas. There are therefore some common points in the
proof with previous works on connected subjects like [1], [3], [5]. One of the
novelties is the use of the most recent refinements in the duality lemmas,
enabling to obtain L? estimates with p > 2 rather than L? estimates (cf. [4]).
Proposition 1 and Proposition 2 are straightforward results stating that the
formal asymptotics indeed rigorously holds. On the other hand, Proposition 3
is much more involved: according to (26), on all open sets where as # 0, one
has ¢asas = kg and one recovers the formal asymptotics. It does not seem
however easy to show that az # 0 on [0, 7] x 2. Note that a similar difficulty
appeared also in [5].

Note that in all asymptotics, we selected initial data in such a way that
no initial layer are produced for as, as, a4, whereas an initial layer will be
produced for ay (the initial datum for a; is lost in the limiting equations). In
the case in which ¢ appears in front of the diffusion of a; ((11) and (16)), a
boundary layer also appears for this concentration.

This paper is structured as follows: in Section 2 we prove Proposition 1
and Proposition 2 (that is the case in which three species are involved in
the chemical reaction). Then, we study the case of four species in Section 3.
Finally, Section 4 is devoted to the discussion of possible extensions of these
results.

2 Proofs of the propositions related to the three—species case

We begin with the

Proof of Proposition 1: We first write the equation for the evolution of
the (local) entropy

H (a7,a5,a5) :=eafln(eaj) —eajln <se%> +a£

3
+3 (aflnaf —af +1) > 0. (29)
=2
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A simple computation shows that

O H (ai,a5,a5) — Ay {dl {aai In(eaj) —eajln <se g) —|—5£]

3
+ > d; (aflnaf_a§+1)}
i=2

|Voai [Vaasl?
e d al +;d az
+ (kaf —£a5a5) In(kaj) — In(¢a5a3)] = 0. (30)

As a first consequence, integrating this identity on {2, we see that the
following a priori bound holds:

T
/ / (kaj — La5a5) [In (kaf) — In (£ a5a$)] dedt < Cr. (31)
Q

Then, rewriting identity (30) as

OH (ai,ag,aé) - Ay [MEH (ai,ag,aé)] <0, (32)
with
3
di[eaiIn(caf) —cafln(cet) + e £] —l—Zdi(aflnaf —as+1)
M® = =2

)

3
eajln(cas) —cajln(cet) +ex —I—Z aslnai —as +1)
=2

(33)
we can use the duality lemma of [13] and get that

T
/ ME |H (a5, a5, af)|? dwdt < Cr, (34)
0 (9]

so that a§, a§ are bounded in L? (In L)? ([0, T] x §2). Note that this argument
is also quite close to the computations of [6].

Then, a§a§ is bounded in L In L([0,7] x §2) and, thanks to a classical
argument developed for example in [8], estimate (31) implies that a5 is weakly
compact in L([0,T] x £2).

We can therefore extract subsequences (still denoted by €) such that

€ € €
a; — ay, a5 — az, as — as,

where a; lies in L1([0, T] x £2), az, a3 lie in L*([0, T] x 2), and the convergences
hold respectively in L1 ([0, T] x §2) weak for the first one, and in L?([0,T] x £2)
weak for the second and third one.

Since dya§ —ds Aza and dpa§ — ds Aga§ are bounded in L1([0,T] x £2), the
sequences aj and aj are in fact converging respectively to as and as a.e., so



Asymptotic limits in reversible chemistry 9

that (since a5, and a§ are bounded in L? (In L)?([0, T x £2)), a5a§ converges in
LY([0,T] x £2) strong to azaz. We now can pass to the limit in system (11), and
end up with (18) together with the chemical equilibrium identity £ azas = k a;.
This concludes the proof of Proposition 1. [

Proof of Proposition 2: The entropy computation gives in this case
(with H defined by (29)),

O H (a7, a5,a5) — Ay {dl [ai In(eaj) —afln (ae g) + g]

3 3 |Vzaf|2
+ Zdi (ailnai —ai +1) +Zdi agz

=2 =1 ?

+ (kaf —£a5a5) [In(kaf) — In (¢a5a5)] = 0. (35)

Then, estimate (31) still holds, and moreover

3
sup / Z (aiInai —a; +1) de < Cr, (36)
te(0,7T] /02 ;5

T 3 € 2
/ / 3 M dzdt < Cr. (37)
0o Jei U

Since the dimension of space is 1, estimates (36) and (37) are sufficient to show,
thanks to a standard Sobolev embedding and an easy interpolation, that af is
a bounded sequence in L2([0,T] x §2) for i = 2, 3. Using estimate (31) and the
standard inequality

(x—y) (Inz—Iny) > C Ve - vy,

we see that

T T
/ /ka‘idwdt§2/ / ‘\/kaﬁ—\/fagag
0o Ja 0o Ja

<Cr,

2 T
dxdt + 2 / / ¢ a5a$ dxdt
0o Jo

so that a§ is a bounded sequence in L'([0,T] x §2).
Then we can extract subsequences (still denoted by ¢) such that

€ € €
a; — ay, Ay — az, as — as,

where a1 lies in M1([0,T] x ) (set of bounded measures), as, as lie in
L3([0,T] x £2), and the convergences hold respectively in the sense of weak
measures for the first one, and in L2([0,7] x §2) strong for the second and
third ones.

Since dya§ — dy Aya$ and 0ia§ — dz Aza§ are bounded in L'([0,7T] x £2),
the sequences a5 and af are in fact converging respectively to as and as a.e.
Thanks to the assumption on the dimension, we also know that the properties
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of the heat kernel ensure that a$ is a bounded sequence in L3~%([0, T’
for i = 2,3, and § €]0,1]. As a consequence, aja§ converges in L1 ([0, T
strong to azas.

The passage to the limit is then slightly different from the one of Proposi-
tion 1. We start by integrating the first equation of (12) on {2 and get that

x 2)
x §2)

58t/a§d:17:/ (La5a5 — kaf) dx.
(% 2

Passing to the limit in this equation, we end up with (21). Finally, (17) can
be recovered by a direct passage to the limit in the weak form of (12). This
concludes the proof of Proposition 2. [

3 Proofs of the propositions related to the four—species case

Proof of Proposition 3: We first write the evolution of the (local) entropy

H (a5, a5,a5,05) ==caSln(eas) —ecasIn <5£> + Z%

4
+> (afInaf +e7t) > 0. (38)
=2

The computation leads to
€ € € € € 1> € [ € g
O H (a5, a5,a5,a5) — Az S dy |eafln(ea]) —eafln €y +-=

ek
4
+ Z d; (af Inaf + e '] }
i=2
4 2
|Veaf [ |V
4y el FRAELAN
+ eay o + ; pr
+ (kaja5 — Ca5a7) [In (kafa3) —In(La5ai)] = 0. (39)

Integrating this identity on {2, we see that the following a priori bound holds

T
/ / (kajas — Laja}) In (kafas) — In (£ajal)] dzedt < Cr. (40)
o Jo

We now add the second and third equations of (15) on one hand, and the third
and fourth equations of (15) on the other hand. We see that

O (a5 + a5) — Ay (d2 a3 + dsza5) =0, (41)
O (a3 + a5) — Ay (dgaj + dsa3) = 0. (42)

Using the improved duality lemma of [4], we get, for some § > 0, the infor-
mation that the sequences a, for i = 2, 3,4, are bounded in L>*°(]0,T] x £2).

B
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Then, a§ a5 is bounded in L'*9/2([0,T] x £2), and (thanks to estimate (40)),
a5 a§ is weakly compact in L1([0,7T] x £2).
We can therefore extract subsequences (still denoted by €) such that

g _ € g g €
a1a3 — g, a/2 — a/27 a/s — a3, a4 — a4,

where g lies in L'([0,T] x §2), as, a3, a4 lie in L2+°([0,T] x £2), and the
convergences hold respectively in L'([0,T] x §2) weak for the first one, and in
L?%9([0,T] x £2) weak for the second, third and fourth one.

Since dyai — d; Aza$ are bounded in L1([0,T] x 2) for i = 2,3,4, the
sequences a$ are in fact converging to a; a.e. for 1 = 2,3, 4, and then also in
L*9=¢([0, T x £2) strong for all ¢ €]0,d]. Then (since a$, aj are bounded in
L?*19(]0,T] x 2)), a5 a5 converges in L'+°/2=¢/2(]0, T x §2) strong to as a4 for
all ¢ €]0,4].

We now can pass to the limit in the three last equations of system (15),
and end up with (16) (or, more precisely, (25)).

We then introduce the semigroup of the heat equation e®*4= on 2 with
homogeneous Neumann boundary condition (and diffusion rate d; ). Rewriting
the first equation of system (15) as

t
caf(t,x) = et 302 (0, 2) + / eht=9) e (4505 — a5af) (s, x) ds,
0

and multiplying by a§(t, x), we see that
eai(t,z) a5(t,x) = e aj(t,x) e ' 4a (0, z)

t
+ a§(t, x) / et =) Ae (4505 — a5a) (s, x)ds.  (43)
0

Remembering that a§ a§ is weakly compact in L1([0, 7] x §2), we see that the
L.h.s. of (43) tends to 0. Then, we recall that (8; — dy A,) ™" (the operator con-
sisting in solving the heat equation with homogeneous Neumann condition and
initial datum 0) transforms continuously L*([0, 7] x £2) in L*+2/N=¢([0, T] x £2)
when (2 is a smooth subset of RY and ¢ €]0,2/N] (cf. [4] for example) As

¢ _
a consequence, we see that fo e®1(t=5) As (g5a5 — a5a§) ds converges towards

f(f e1(t=9) Ao (goay — ajaz) ds in L*2/N=C(0,T] x £2). Finally, since a§ is con-
verging to az in L2T97¢([0, T] x £2) strong for all ¢ €]0, §], we see that we can
pass to the limit in the r.h.s. of (43) when N < 2 and end up with (26). This
ends the proof of Proposition 3. [

Proof of Proposition 4: We first write the evolution of the (local) entropy

2
H (a3, a5, a5,a3) := Z [ailn(eai) —ecailn(ea;) + 1]
i=1
+ aslna§ —a5 +1

+ ajlnaj — {1+1n (%)} aj+%zo. (44)
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The computation of its time derivative leads to

2
O H (a5, a5,a5,a3) — Ay {Zdi eailn(eai) —ea; + 1]
i=1
+ds(a5lna§ —a§+1)

k k
+ dy [ajlnai - [1 +1n (Z)] ai+ Z]}
2 2 4 2
Va5 Va5
=1 z 1=3 z

+ e (kaja§ — La5a?) [In (ka3a3) — In (Lagay)] = 0. (45)

We now add the first and second equations of (16) on one hand, and the third
and fourth equations of (16) on the other hand. We see that

O (a5 + a5) — A, (dia] + dea3) =0, (46)
O (a5 + a3) — A (dsas + dsal) = 0. (47)

Using the improved duality lemma of [4], we get, for some ¢ > 0, the informa-
tion that the sequences a$, for i = 1,...,4, are bounded in L*+°([0,T] x £2).
We can therefore extract subsequences (still denoted by €) such that

g —
a; — a;, i1=1,...,4,

where a; lie in L2+°([0,T] x £2), and the convergences hold in L2°([0,T] x £2)
weak.

Since dyaf — d; Azas is bounded in L'+9/2([0,T] x £2) for i = 3,4, the se-
quences af are in fact converging to a; a.e. (for i = 3,4), and so in L*([0, 7] x {2)
strong. As a consequence, aj aj (respectively ajaj) converges weakly towards
a1 ag (respectively azaq) in L1([0,T] x 2).

Passing to the limit (in the sense of distributions) in the first equation of
(16), we see that £as aq = kay az. Adding the two first equations of (16) and
passing to the limit, we also see that the second part of (27) holds. Finally,
passing to the limit in the third and fourth equation of (16), we get (28). This
ends the proof of Proposition 4. [

4 Concluding remarks

This work faces some typical asymptotic problems appearing in PDEs describ-
ing diffusion and reversible reactions.

The main aim of this paper is to highlight the strength of the methods for
parabolic equations, based on the entropy structure, and on duality lemmas,
which yield rigorous proofs of convergence in the asymptotics.

We restricted ourselves here to cases which are sufficiently simple to be
treated by already established methods.
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Future developments will concern more complex chemical processes natu-
rally appearing in the applications in the context of networks of reactions, in
which also non reversible chemical processes may arise. In fact, although for
networks of reactions, many works exist in the context of ODEs, still not so
many are available when reaction-diffusion systems are concerned. We refer to
[7] and the references therein for a precise description of the existing theory.
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