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Introduction

The motivation in kinetic theory

Boltzmann equation (Maxwell 1867, Boltzmann 1872):
Of +v - Vif = Q(f,f) onf="f(x,v,t) >0

Nonlinear PDE with @ bilinear integral operator acting only along v
For long-distance interactions @ has fractional ellipticity in v
Limit case (electrons in plasmas) Landau-Coulomb operator

Q(f,f) =V, - (A[f]V.f + B[f]f)

A[f](v) = a/

<I d ®W> lw| = F(t,x, v — w)dw,
R3

with wl — [wl

B[f](v) = b/ lw| 3w f(t,x, v —w)dw
R3
Global well-posedness major open mathematical problem
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Questions

@ Question 1: regularity of solutions to the Landau-Coulomb equation
with bounded hydrodynamical fields?

@ Toy model: Quadratic nonlinearity and preserves mass [ f
Ocf +v - Vif =p[f]V, - (V.f+vf) with p[f]:= / f

@ Question 2: Global well-posedness and regularity for this toy model
@ Follow De Giorgi-Nash's strategy on Hilbert's 19th problem

@ Question 3: L* bound and Hoélder regularity for solutions to
Otf +v-Vyf =V, - (AV,f)+ B-V,f (+source)

with A and B rough and A\ < A < A (partial answer to question 1)

@ Question 4: Harnack inequality for such equation?
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Introduction

A regularity result on the Landau-Coulomb equation

Theorem (Golse-Imbert-CM-Vasseur)

Let f be an essentially bounded weak solution in By x By x (—1,0] so that

M; < M(x,t) = / f(x,v,t)dv < My (local mass)
Rd
1
E(x,t) = 2/ f(x,v,t)|v|>dv < Ey (local energy)
Rd
H(x,t) = / f(x,v,t)Inf(x,v,t)dv < Hy (local entropy)
Rd

\

holds in this domain, then f is a-Hélder continuous with respect to
(x,v,t) € Bi x B1 x (—3,0] and
2 2

11l caay xmy xson < € (1P lizoinens-sop + 1F IEoicsin-1op)

v
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The De Giorgi-Nash-Moser theory (1)

Hilbert's 19th problem: analytic regularity of minimizers u of an

energy functional / L(Vu)dx, where L : RY — R Lagrangian
U

satisfies growth, smoothness and convexity conditions

Euler-Lagrange equations for the minimizers take the form

v [VL(VU)} =0 Qe Y [(OyL)(Vu)] dyu=0

=
ij by

Dirichlet energy L(p) = |p|2, minimal surfaces L(p) = /1 + |p|?
With suitable assumptions on L and the domain, control of Vu

However existence-uniqueness-regularity requires more: if u € CL®
with o > 0 then bj; € C* and Schalider estimates imply v € c%e
(then bootstrap yields higher regularity. . .)
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The De Giorgi-Nash-Moser theory (2)

e Equation on derivative f := Ju (divergence form):

Za[ﬂaf}

ajj

° . with controls (but no regularity) on aj
then f = Vu is Holder (Nash considered the parabolic case)

@ Proof of De Giorgi: (1) iterative gain of integrability (2)
"isoperimetric argument” to control oscillations

@ Proof of : (1) iterative gain of integrability (2) relating
positive and negative Lebesgue norms by studying g :=Inf

@ We use the De Giorgi-Moser iteration and the control of oscillations 3
la De Giorgi, but hypoelliptic-like structure creates new difficulties

@ (Non-divergence theory by Krylov-Safonov not considered here)
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Hormander's theory of hypoellipticity (1)

@ Starting point: 3 pages note of

@ This paper considered dimension d = 1 transport with constant drift
and diffusion (thus sometimes called " Kolmogorov equation”)

Otf + v - Oxf (+b0,F) = a@&f and fundamental solutions from dy \,

1 1 v—wl?  3lx —xp— twl?
exp{_2<\ o | X — X0 — tvg

3am2t2 a t t3

C3(x—x —tw) - (v — v0)>}

t2
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Hormander's theory of hypoellipticity (2)

° starts from observing the
regularisation of this fundamental solution and builds a general theory
based on commutator estimates

@ Regularisation Gevrey instead of analytic for parabolic equations

@ Simpler case when no first order part and missing directions of
diffusion ("Hormander type I"): DGNM theory already extended

@ Hormander original theory is local but recently global estimates
derived under the impulsion of hypocoercivity

@ Example of commutator estimates in a (very) simple case:
Of + Bf + AAf =0, B=v- -0y, A=0,

(AB] = C = o, %w, CFY = —||CFI2+ ...
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The toy model (question 2)

Toy nonlinear model for the Landau-Coulomb equation in x € TY:

Otf + v - Vif = p[f]V, - (V. f + vf), plf](t, x) :== /f(t,x, v)dv

Theorem (Imbert-CM)

This equation is globally well-posed for f,, € H*, k > d/2, with
Gu < fip < G, and the unique solutions are C* for positive times.

Goal: developping a methodology for future study

(1) Blow-up criterion by energy estimate with interpolation
** blow-up controlled by pointwise v-derivative **

(2) Integral-to-pointwise bounds (iteration or barrier)

(3) Holder regularity (oscillation)

(4) Schauder estimate (hypoelliptic trajectorial estimates)
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Well-posedness of the toy model

Pointwise control

e Freeze p then solutions f to 0;f + v - Vif = pV, - (V,f + vf)
preserve sign (e.g. positive/negative parts are sub-solutions)

@ Linearity of the equation and p steady state implies that if
Cip < fin(-, ) < G then Gip < f(t,-,-) < Gp

@ Hence L™ bound free for this toy model without De Giorgi-Nash

o If solution satisfies Gy < f(t,-,-) < Cou then bounds of ellipticity on
the coefficient: C; < p(t, ) < G

@ The latter bound opens the way for the study of Holder regularity
along the line of our previous theorem
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Well-posedness of the toy model

Energy estimates

Denote p(v) := (27f)7d/2t-:'*|"‘2/2 and change unknown g := fp~1/2:

Og +v- Vg =rlglLlg] with rlg]:= /gu1/2dv

- _ d v|?
and  L[g] == p 72V (uVy (17 2g)) = (Avg+ 28~ |4g)

Natural space of symmetry: L2(dxdv).
Denote h := u'/2V, (1~1/2g), and write energy estimates:
At the zero-th derivative level:

d1l
dt2/ |g|2§—C1/ |h[?

where we used [ L[g]g = fu_l/QVv(qu(M_l/2g))g =—/ |h|?
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Well-posedness of the toy model

Blow-up criterion |

Study high-order v derivative for £ >1

dl1 ¢ -1 ¢ /
12 /X,V 0 Ig E/ (0, "0xg)0,.8 . rlg] Vv
1/¢ "y ¢
wa(0) [ e 5 0) [

Using fX (0510,.8)0l g < v 0L g|* + fXW 0% g|* and the control

rlg] <1 this ylelds
d1 )
321068 S sl

oe\|’
(ﬂ) g

2
o
d,, 1g)
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Well-posedness of the toy model

Blow-up criterion Il

Study high-order x derivatives for k > d/2: since x-derivatives commute
with the operators v - V and Fokker-Planck

d1 k 12 k k—p e k
i [ o= 3 (5) [ ot e uieiote
<G / Ty / 10 r{g]|. 108 |0k h

’ 0<B;<k

where we used

[ oigloze = [ v v o ore = — [ oo
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Well-posedness of the toy model

Blow-up criterion Il

Standard interpolation: given 8 < k, for any € > 0 there is C. > 0 s.t.

Ok=Pralh

X

i2grey = Sl lizewa 1Al goey + Cellrllmg e 1Al e ey

Using lower and upper bounds on r[g] and the negative term in the
previous estimate we get with € small enough:

d1 K 2 P k)
) 105,8l" < —Ci | |0h]" + Coellhll sz |05 hl

,V

1/2
+ il ([ 1057)
X,V

)

which yields summing up to k and taking £ small:

d
IIgHHkLz S - HhH frz 10117 1211811 2
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Well-posedness of the toy model

Local-in-time and continuation

Local well-posedness:

Standard with ¢ = k > d/2 and Sobolev embedding on Hh”%gOL% (either
decompose then in terms of g or use time-integrability from previous
negative terms)

Continuation requires a pointwise bound in x and L? in v on

h=V,g+ (v/2)g, that is independent of the energy being estimated.
This is where we shall use the extension of the De Giorgi-Nash
regularisation theory:

Holder regularisation first but since we need the pointwise control of a full
derivative we shall develop hypoelliptic Schauder estimates.
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Recall on the regularity theory

Theorem (Golse-Imbert-CM-Vasseur)

(Simplified) Equation  O:f + v -Vyf =V, - (A(t,x,v)V,f)

where the d x d symmetric matrix A satisfies the ellipticity condition
0 < Md < A< AId but is, besides that, merely measurable.
We define for z = (t, x, v) the cube Q,(z) = B,s(x) x B,(v) x (t — r?, t].

Then for 0 < . < rg, if f is a solution in Q ) then

ro(zo

11l oo (@ry (20)) + Il co(@n (20)) < ClFllL2(Qsy (20))

where C depends on zy, ry, 1, A\, \,d and « € (0,1) depends on A\, A\, d.

v

Gain of L* in [Pascucci-Polidoro 2004]
Related Holder regularity results in [Wang-Zhang 2011]
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Gain of integrability - The elliptic case (following Moser)

e We consider, with f = f(v) and g source term nicely behaved:

Vv (A(v)V.f) =g

Core energy estimate (valid for subsolutions):

1
1l S 72 1fll2(q) + 8l 2(qy,)

(hn—n

Sobolev embedding translates the gain H! into LP, p > 2

lteration by applying the argument to any subsolution fP/2, p > 2, for
a sequence of radii r, — roc > 0, to get finally L*° in Q__

Uses the ellipticity of the operator in all directions v € RY
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Holder regularity

The parabolic case (following Moser)

@ Parabolic case (one step closer to our setting) with f = f(v, t):
of =V, (A(v,t)V, 1)

o Core energy estimate:

;
/ f2dv +/ / IV, f]2dvdt
veB, =T T—r? JveB,

1 T
c T pa
(o—n)*Jr-2 Jves,

@ Similar iteration argument in both variables v, t

@ Again uses ellipticity of the operator in all directions v € R
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Holder regularity

Difficulties in the non elliptic case

e Coming back to our equation 0:f + v - Vif <V, (AV,f) we derive
the corresponding energy estimate:

-
/ / 2 dx dv +/ / / |V, f|? dxdv dt
xeBr% veBy T T—r? xeBr13 veB,

1 T
52/ / / f2dxdvdt
(rO - rl) T—rg xeBrg veEBy,

@ Problem 1: control only on v-gradients, not x-gradients

@ Key tool in kinetic theory to remedy this: averaging lemma
[Golse-Perthame-Sentis 1985]

o Problem 2: the iteration requires to work on subsolutions (fP/2,
p > 2) for which averaging lemma do not hold in general
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Strategy

Theorem (Averaging lemma)

Of +v-Vif =(1—Ax)’Vig, fgell,,, k>0, 8€(0,1/2)

implies regularity (for p > 1) on / fdve WP (s> 0 small)

@ Averages "transversal” to cancellations of symbol of the hyperbolic
transport operator (gain of regularity limited by order 1 of operator)
@ It degenerates if RHS g not controlled = problem for subsolutions

Oef + v - Vyf <V, - Hy+ Hi with Hy, Hy € L?

@ Comparison principle: 0 < f < F with true solution F on which
energy estimate L2, H! and averaging lemma H§, L} imply Hs, ,

0 < s’ < s) and thus some gain of integrability LP>2 by Sobolev
( g g y y
embedding, inherited by f
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Holder regularity

Control of oscillation: the classical theory (2)

@ De Giorgi's strategy: always consider oscillation as a whole without
separating controls on suprema and infima, and control decrease of
oscillation when reducing the size of the cube considered

@ Main Lemma of decrease of oscillations: for f solution in Q> with
|[f] <1 then oscq, ,f <2 —§ for some § > 0

o It implies Holder regularity at the point at which cubes shrink

@ It is implied by the following Lemma of decrease of supremum bound:
for f solution in Q2 with |f| <1 and [{f <0} N Q1| > (1/2)|Q1]| then
sule/ng 1-9§

@ This decrease of the supremum bound follows from the isoperimetric
argument of De Giorgi ( “intermediate-value lemma")
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Holder regularity

De Giorgi's isoperimetric argument (1)

@ Original statement is proved by constructive direct calculation:
Lemma (Intermediate-value)

Consider f € H' on @, with f <1 and

1
{r=2}ne

then there is v > 0 depending on 41, d» and the HY norm so that

Ho<f<;}ﬁ01

e In our setting we do not have an H! bound in all variables, and H®
with small 0 < s < 1/2 seems insufficient

o We argue by contradiction for solutions to the equation

>61>0 and [{F<0}N@|>d2>0

> v
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Holder regularity

De Giorgi's isoperimetric argument (2)

Lemma (Hypoelliptic version of the intermediate-value lemma)

For all 1,62 > 0 and f < 1 solution of our equation on @, and

Hfz;}mol

there is v > 0 depending on 1, 02 and the bounds on A so that

Ho<f<;}le

We consider a contradiction sequence fy, Ay (the diffusion matrix must be

let depending on k, in order to prove something universal and independent
of scaling-zooming)

>4 and |{f§0}ﬂQ1|Z§2

> v

v
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Holder regularity

De Giorgi's isoperimetric argument (3)

@ The sequence satisfies Ald < Ay < Ald and f, <1 and

l{fk > ;}mol

1
{0<fk<2}ﬂQ1

@ The positive part f,:r is a subsolution bounded in L? and thus bounded
in L7 Hy N L3S, NH; ., with V" € L2 12+ (previous results)

e Consider ¢ smooth, ((z) =0inz <0, {(z) =1/2in z € [1/2,1],
then gx = ((fx) satisfies 0 < gx < 1/2 and ’{0 < gk < %} N Ql‘ —0

e gy converges strongly L2 in Q

>0 and ’{kaO}ﬂQﬂ > o

— 0
k—o00

@ The (- error term /C”(fk)AkV\,fk -V e P 0 by the gain of
— 00
integrability on va,f =1¢>0V 1
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Holder regularity

De Giorgi isoperimetric argument (4)
@ We have built a solution g valued in {0,1/2} with

HgZ;}ﬁQl

@ For almost every x, by the classical isoperimetric lemma in v (using
the H! control) it is constant in v, and V,g =0

>61 and {g<0}NGi|=>é

@ The equation on gy is
O0t8k + v - Vxge = Vyhe with  hg = AcVgk
@ The equation on g is
Oig +v-Vyg=V,h where hy=AV, g« —12(Q) h

@ It remains to identify the product of weak limits hy = AxVygx — h
De Giorgi-Nash-Moser in kinetic theory March 8th, 2018 25 / 48



Holder regularity

De Giorgi isoperimetric argument (5)

@ Integrating the equation on gi against gx¢ we have

2
im_ [ b oleo) = [ &0+ v-9,0)
k—00 2
@ Integrating the limit equation on g against g¢ we have
g2
[ 19e0) = [ & @0+ v-v.0)
@ Moreover since gx — g strongly in L2 we have
et v.0) = [gtv.e)
e Since V,g = 0 we deduce that [ hy - (V,gk)¢ — 0
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Holder regularity

De Giorgi isoperimetric argument (6)

@ We have at the same time the coercivity

/hk(vak)¢=/Avagk'vak¢Z /1\/’hk|2<75

and therefore h =0

e Finally we end up with 0;g + v - Vg = 0 with some mass at 0 and
1/2

@ The free transport equation and V, g = 0 implies Vg = 0 and
0tg = 0, which reaches a contradiction

@ Note that this proof is not quantitative and a quantitative proof
would be interesting per se: tentative statement

{0<f<;}m01

where C depends on ||V\,7‘HL$’X’v and |0y + v - vaHL%XHV—I

> CH{F <O}NQPI{f >1/2} N QT
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Holder regularity

From isoperimetric estimate to supremum bound (1)

@ The [? — L gain implies: if the L2 mass locally is below a certain
threshold related to the constant in the gain L2 — L, then the
supremum has to be lower than 1/2 in a smaller cube

@ We “zoom” in the upper values as long as the mass there is not
below the threshold: each time it is so, the intermediate region must
contain some mass by the isoperimetric argument and the number of
iteration is limited by the total volume of the cube

@ In a finite number of iteration we must reach a zoom scale where the
threshold condition is satisfied, and therefore where we diminish the
upper bound
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Holder regularity

From isoperimetric estimate to supremum bound (2)

o lteration: f; = f and f,y1 = 2fx — 1 which preserves f, <1

e We have [{fi <0} N Q1] > ;1 with 61 = |Q1]/2 and it propagates:
{fi <0} C {fiy1 <0}

@ We prove that for some kg large enough (finite) then
{f, > 0} N Q1| < 02 is small enough to get ”fk—g”Loo(Ql/z) <1/2 by

applying the gain of integrability to fk'g

This means back on f: f <1 — 2717k on Q12

ko exists since an amount v of mass necessary each time:

As long as |[{fk+1 > 0} N Q1] > 92 we have [{fx > 1/2} N Q1] > 02
With [{fx <0} N Q1] > 01 this implies {0 < £, <1/2} N Q1| > v
Q1] > [{fr1 S0P Q1 > [{fi <0} N @]+ {0 < fi <1/2} N Q4

>v
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Holder regularity for the toy model

@ Assume Cip < fin(+,-) < G from now on
e (Gain L? — L™ since g is sub-solution to 0;g + v - Vyg = rA,g)
@ For the decrease of oscillation write

d__|vI°
Og +v-Vxg =rlglAvg +rlgl | 56— 8

treat s = r[g](gd/2 — g|v|?/4) as a source term: it is L from the
bound Ciu'/? < g(t,-,") < Goul/?
@ Deduce g € C,?)f (local argument in cylinders cf. v - V)

S/ +/ ,S:‘:\’a|x—y|a+e_"?2/2
Br <

/
Optimise to get r € 2 In fact more precise localisation of the
estimates based on scaling.
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Hypoelliptic Schauder estimates

Pointwise norms respecting hypoelliptic scaling |

Consider the following scaling rule
._ (2 3
z:=(t,x,v), rz == (ret, r'x, rv). (1)
(changing the operator 9; — v -V, — A, by a factor r?) and translation rule
7102y = (t1,x1,v1) 0 (t2, %2, v2) := (t1 + t2, X1 + x2 + tavi, v + v2)

and finally the general cylinder

Q(z0) = {z Lizton) e Ql}

r

= {(t,x, v) |t —to] < r2, |x —x0 — (t — to)wo| < r3, v —w| < r}
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Hypoelliptic Schauder estimates

Pointwise norms respecting hypoelliptic scaling Il

Domain (open connected set) Q@ C R x R? x R? and a € (0, 1], a function

g : Q — R lies in C*(Q) (hypoelliptic Holder space) if it is bounded and
there is C > 0 s.t.

Vzo€ Q, r>0 st. Q(2)CQ, lg—g(20)llre(Q (z) < Cre.

The smallest such constant C is denoted by [g]ca(g). The C*-norm of g is
then ||gllca(g) = [I8llL(g) + [glex(g)-

A function g Iies in HY(Q) (hypoelliptic first-order space) if
h(t,x,v) := g(t,x + tv, v) is differentiable in t and g(t, x, v) is twice
differentiable in v, and ;g + v - Vxg, D2g € C%(Q):

semi-norm: [glya(g) := [0tg + Vv - Vxglea(o) + [Dag]ca(g)
norm: [|gll3e (@) = llg (o) +I(dr+v-Vi)gll oo (o) + I D7g 1o () +El3e ()
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Hypoelliptic Schauder estimates

Hypoelliptic estimates on trajectories |

Lemma

The hypoelliptic Holder regularity along free transport and v-diffusion
allow to recover the following full (i.e. in all directions) pointwise controls:

[gleio) < lIgllna(o)
[Vigleio) < llgllae(o)-

The main difficulty is to obtain the Holder regularity on the x and t
directions from the higher regularity along the directions 9; + v - V4 and
V. This is an hypoelliptic commutator estimate in disguise. Take two
points z1 € Q,(20) C Q with z; = z + (0, r3u,0) and zy = (¢, x, v) with
ue S and r >0, and follow
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Hypoelliptic Schauder estimates

Hypoelliptic estimates on trajectories |l

forward along v, ackward along transport
(t,x + rPu,v) 2% x4 B v )L 2 s 2y v+ )

backward along v

forward along

(t—r2,x—r?v,v)

(t,x,v)

forward along transport

(observe that all four points (t,x + riu,v), (t,x + rPu, v + ru),
(t—r?,x —r?v,v+ru), (t —r?,x — r’v,v) belong to Q,(z) with

z0 = (t,x,v)))
Write then the four Taylor expansions for g, and bootstrap a similar

reasoning for the variations of V, g
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Hypoelliptic Schauder estimates

Controlling regularity by oscillations

[g]p~ on domain Q smallest constant C s.t.

vz e R, Q) c Q. inf llg = Pllix(aay < CrFF

1
P= {P(t,x,v)=a+bt+q-v+2Av.v | a,be]R{,qelR{d,AeRdXd}
For [f]3e < oo, Taylor polynomial of f denoted 7.f, lies in P:
1
T.f(2) = f(z)+8tf(z)(s—t)—i—va(z)-(W—v)+§D3f(z)(W—v)‘(W—v)

Similar definition Pg* but with the Taylor polynomial

Vz e R*M Q) C Qg — Tallie(@uzy) < CrPT°
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Hypoelliptic Schauder estimates

Inequalities and interpolation

Lemma (Two simple inequalities comparing semi-norms)

HY S P and P§ S P* < Py (proof close to the parabolic case)

Lemma (Crucial interpolation inequalities)

Let g € H*(Q) with a € (0,1], then for any € > 0 there are C > 0 s.t.

10 + v - V)&l () < £%[8lna(o) + Ce gl (0):
IDZgll1(0) < €®[glna(a) + Ce2(lgll 1 (0):
l1—a _
[glea(o) <& = lgllua(o) + Cetllglle():

1-a _
IVigllcaio)y <€ = |lgllna(o) + Ce lgllie(o):-

Proof follows from the main hypoelliptic trajectorial estimate. Crucial for
extending the Schauder regularity estimate from constant coefficients to

variable Holder coefficients.
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Hypoelliptic Schauder estimates

The goal is to control the H® norm of g in terms of the C* norm of Lg
where L is the operator defining the equation.
Inspired from structure of the argument of Safonov in the parabolic case:

(1) Gradient bounds for £ = 0; + v -V, — A,: gain of one derivative
pointwise in terms of control of solution and source on a neighborhood

(2) Iteration of this gain by differentiating the equation

(3) Prove ||g||pe < ||Lgllca for constant coefficients as in the parabolic
case (uses the fundamental Kolmogorov solution and semi-norm Pg)

(4) General constant coefficients by scaling

** here constant coefficients does not concern the transport v - V,, **

(5) Finally extend to variable Holder coefficients by local approximation
and controlling the errors thanks to the interpolation inequalities (includes
variations in x and t)
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Gradient bounds

Gradient bounds
For h solution to 9th+ v -V h = A, h+ s there is C s.t.

[V, h(0,0,0)] < C([[All oo (@u) + lIslloe(@u) + 1Vvsli=(ar))-

Hypoelliptic extension of Bernstein’s method: sub-solution Lw < 0 built as
w = VOh2 —unt+ {C4(ax,-h)2 + <3(8X;hav;h) + Cz(av,-h)2}

with cutoff function ¢ and maximum principle

Uses hypocoercivity-type estimates on the weight, and “default of
distributivity” of £(g1g2) that is reminiscent to “carré du champ” and
I-calculus of Bakry—Emery

- . B Cligllo=(ar
Then with no source term: |07 DS D, g(0,0,0)| < WQH(W)
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The hypoelliptic Schauder estimates

Schauder estimates for constant coefficients

Let & € (0,1) and a C™ function h: R29+1 — R with compact support.
There exists a constant C only depending on dimension and « such that

[h]’])a S [81—/7 +v- Vxh - Avh]Ca

Proof based on fundamental Kolmogorov solution.

Then treat general constant coefficients by scaling and finally variable
coefficients by local approximation (Holder regularity of the coefficients)
controlling the errors of the form

[glre < [Lglee + IVvgll + |DEgllioe + I8l + [|0eg + v - Vgl

from the interpolation inequalities
Finally inequality ||g[[#« < [[£g + gllce and localisation by scaling. . .
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Regularity of non-negative subsolutions revisited (1)

@ With the L? — L™ gain at hand we return to the regularity of
subsolutions to 0;f + v - Vf <V, - Hy + Hy:

8tf+V'va:vV‘H0+H]_—/J/

with a measure >0 and Ho, H; € L2 and 0 < f € LE5v N L%XH\}
@ We perform an estimate on the mass rather than quadratic:

integrating / f¢ (for a cutoff function ¢) yields
t,x,v

7y

lellvn@y) S 1flli2gay) + I1Hollizcqy) + IHill2(Qy)

which gives a control on the size of the unknown error 1
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Regularity of non-negative subsolutions revisited (2)

o We then write —p = (1 — A¢x,)/4g with g € LP, p € (1,2) by
ellipticity of the fractional Laplacian

Oef +v - Vaf =V, Ho+ Hi + (1 - Aexy)Mg

Refined averaging lemma in LP = W;PL} regularity for a small s

e Interpolate with L*° to deduce HtS:XLa regularity (0 < s’ <'s)

@ Finally we combine it with the energy estimate L%XH& to get
feH:, for0<s"<s <s

@ Note that because of the interpolation with L°° to "bring back” the
regularity obtained in L? this argument does not supersede the
previous comparison principle in the L2 — L> iteration, which is still

needed
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Gain of integrability on V,f (1)
@ Another interesting property on subsolutions of
Otf + v - Vxf < V,(AV,f) resembling the parabolic case
Theorem
There is € > 0 universal so that
2+¢

2
/ IV, 2T dxdvdt Spnand (/ |va2dxdvdt>

r 0

o It follows (iteration) from (Gehring lemma): given g > 1 there is ¢
small enough s.t. if for all z € Q (" almost reversed Holder inequality” )

q
][ g7< G <][ gdz> +6 gidz
Qr(2) Qsr(2) Qsr(2)
1/(q+e) 1/q
then <][ gite dz) < <][ g dz> for some € > 0
r Q4r
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Gain of integrability on V,f (2)

@ Proof of Gehring lemma is based on the following inequalities

(1) |V, f?dz < < |f — o2 dz
0 r?

(2) sup /|f—f,2dngr2/ IV, f|?dz
te(T—r2,T] t Qs,

. 1/(2+n) 1/2
(3) </|f— f|2+’7dz> < (/Nvf|2dz>

proved by the energy estimate (written removing the x, v-average f)
fractional Poincaré in x, v, Sobolev embedding and the H; , regularity
for subsolutions (averages F and cubes Q  along free flow)

@ Boostrap the estimate on V, f using [ |f — f|? as pivot: gain of
integrability on f — f reason for smallness of 6
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Control of oscillations and Holder regularity

Control of oscillation: the classical theory (1)

@ We cannot differentiate PDE as coefficients non regular: relate local
suprema and infima (oscillation), and control this difference

@ Gain of integrability suggest the " L°>°" setting: Holder regularity

@ In the parabolic case, it takes time for the diffusive effect to manifest
— time delays when comparing suprema and infima (cf. cubes)

@ Moser's strategy: gains L — L*° and L=°° — L—¢ and then compare
L€ and L=¢ by studying the equation for g := Inf and proving/using a
suitable Poincaré inequality

@ Moser manages to compare suprema and infima which is an
independent property called Harnack inequality

@ Harnack inequality implies Holder regularity but reverse not true
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Control of oscillations and Holder regularity

The iteration

@ The previous argument proves: there is k > 1 such that for all g > 1:

1 1
FI) 220, < C fa
I ey = € (s + ) 171850

@ Choose g =¢q, =2k" and rpp1 =1, —

@ We obtain

a(an)Q (a large enough)

1

||f||L‘7n+1(Q,,+1) < C:_:ll ||f||L‘7n(Qn) with G, ~ C(a2n4 + bn2);.;

and
+o0 1
HC,,M<+OO, fn— fog >0
n=0

which proves the convergence of the iteration
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Harnack inequality (1)

@ Harnack inequalities were first inspired from observing fundamental
solutions in simple cases (non-negative solutions)

@ In the elliptic case: supg f < v ming f for some universal constant

@ In the parabolic case a time delay must be taken into account:

supf < fyrEin f  for some universal constant -y
R+ -
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Harnack inequality (II)

Strategies:

(1) Moser's approach: equation on Inf and “Poincaré inequality” to
bridge the gap between negative and positive Lebesgue norms

(2) DiBenedetto's approach: Holder regularity + reduction of
oscillations + propagation-spreading of the lower bound

Argument (2) independent of the equation

Reduction of oscillation already proved above

We adapt this strategy (technical variants due to scalings)

Adaptation of strategy (1) open
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Harnack inequality

Harnack inequality (IlI)

(a) Propagation-spreading of the minima obtained by repeatedly applying
the “supremum bound” argument (on —f) (“doubling” property)

ol

(b) Assume by contradiction the Harnack inequality wrong for small
enough constant and construct a sequence violating the L bound
lying in @~ [1], using the decrease of oscillation “backward” and (a):
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