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Abstract. Sprays are complex flows made of liquid droplets surrounded by a gas.
They can be modeled by the introducing a system coupling a kinetic equation (for the
droplets) of Vlasov type and a (Euler-like) fluid equation for the gas. In this paper, we
prove that, for the so-called thin sprays, this coupled model is well-posed, in the sense
that existence and uniqueness of classical solutions holds for small time, provided the
initial data are sufficiently smooth and their support have suitable properties.

Keywords:

1. Introduction

In the framework of sprays (that is, gases in which droplets form a dispersed phase),
couplings between an equation of fluid mechanics and a kinetic equation were intro-
duced by Williams [18], cf. also [2].

In this modeling, the gas is described by macroscopic quantities depending on
the time ¢ and the position x: its density p(¢, z) and its velocity u(¢, x). The evolution
of those quantities is ruled by a system of partial differential equations such as the
Navier-Stokes or Euler (compressible or incompressible). We shall investigate here
the case of the compressible Euler equation.

In order to describe the dispersed phase (the droplets), we use their distribution
function in the phase space (“pdf”): it is defined as f = f(¢,x,v) > 0, density of



1st Reading

February 11, 2006 16:56 WSPC/JHDE 00070

11

13

15

17

19

21

23

25

27

29

2 C. Baranger € L. Desvillettes

droplets which at time ¢ and point x have velocity v. This function is the solution
of a kinetic equation.

We concentrate here on the so-called “thin sprays” [13], in which the coupling
between the gas and the droplets is made only through a drag term (whereas in
so-called thick sprays, it is also made through the volume fraction).

The system reads

Op+ V- (pu) =0, (1.1)
Or(pu) + V- (pu @ u+ P(p)ldy) = —/mprdv, (1.2)
hf+Va-(vf)+ Vo (Ff) =0, (1.3)

where m,, is the mass of one single droplet (supposed to be a constant), m,F is the
drag force, and P is the pressure. We consider here a gas which is isentropic, so that
P depends on p only (and no equation of energy appears). We restrict ourselves to
the case of perfect gases, that is

P(p)=Ap", A>0, and ~>1. (1.4)

The drag force my,F' is due to the resistance of the fluid to the motion of the
droplets. It is possible to find in [13, 16] some analysis on the modeling of this term.
One of the most standard formula is the following:

1
mpF = §7rr2p(t,a:)0d|u(t,a:) —v|(u(t,z) —v),

where r is the radius of the droplets (a constant in this work) and Cj is the drag
coefficient. This coefficient is sometimes taken as

24 1
Ca=—(1+=Re??
¢ Re<+Ge ’

where Re = 228=%I" ig the Reynolds number and p the dynamic viscosity of the

fluid. This formula is used, for example, in [1]. We shall assume here (as in [3-6, 8])
that Cy = % so that

e’

where p; is the (constant) density of the droplets (and where C'is a generic constant).
This assumption is reasonable as long as the Reynolds number is not too large. In
many works (cf. [3-6, 8]), the viscosity is supposed to be constant, and the drag
force becomes

mpF = C(u(t,z) — v). (1.5)

It is, however, possible to consider also that the viscosity is proportional to the
density of the fluid ;1 = pr, with v kinematic viscosity of the fluid (cf. [7]). This
leads to a drag force

mpF = Cp(t, x)(u(t, ) —v). (1.6)



1st Reading

February 11, 2006 16:56 WSPC/JHDE 00070

11

13

15

17

19

21

23

25

27

29

31

33

35

37

39

41

43

Coupling Euler and Vlasov Equations in the Context of Sprays 3

We shall make this assumption in this work. For the sake of simplicity, we shall also
suppose that all the constants of the model are equal to 1 (taking other values does
not lead to any difficulty).

Let us comment a little bit on the modeling: depending on the physical context,
the fluid equation can be the Euler or Navier—Stokes equation (with or without
turbulent viscosity), compressible or incompressible. Note that though the drag
force is proportional to the viscosity of the gas, the Euler equation (and not Navier—
Stokes equation) is used in some realistic simulations (cf. [11]).

Whenever the exchange of temperature is important in the study, one has to
replace the isentropic Euler equation by the full Euler system (with 5 equations in
dimension 3) and to add one extra variable (of temperature or internal energy) in
the “pdf” of the droplets.

When the volume occupied by the droplets is not neglegted in front of the volume
occupied by the gas, one has to add a new unknown (« = a(t, z)) representing the
volumic fraction of gas: this leads to the theory of thick sprays (cf. [13]). One
takes then into account various complex phenomena for the droplets (collisions,
breakups, etc.).

Here are the typical values of a computation on a thin-air mixture: the Reynolds
number relative to the gas is Regas = ﬁ% ~ 10° (L and T are the typical length and
time scale). Therefore, no (molecular) diffusion is taken into account in the Euler
equation. The Reynolds number relative to the droplets is Re = Zrpduzvl g,

The already existing mathematical studies on the fluid-kinetic coupling (in the
context of sprays) concern models in which the fluid is described by its velocity u
(but not its density p), and in which some diffusion is present. In [5], Domelevo
and Roquejoffre show the existence and uniqueness of global smooth solutions of
1D Burger’s viscous equation when it is coupled with a kinetic equation. For the
same system, but in the polydispersed case (that is, different radiuses of droplets are
present), Domelevo proves the existence of solutions in [4]. Hamdache [8] shows the
global existence and the large time behavior of the solution of a coupled system of
Vlasov and Stokes equations (in all dimensions). Finally, in [7], Goudon studies the
existence and uniqueness of smooth solutions to the coupling between the viscous
Burger’s equation and a kinetic equation.

In this work, we combine two ingredients in order to obtain the existence (and
uniqueness) of solutions (locally in time) to our system (that is, (1.1)—(1.4) and
(1.6)). On one hand, we use the classical theory of local (in time) solutions for
symmetrisable hyperbolic systems of conservation laws (cf. [10, 17], for example),
and on the other hand, the theory of characteristics for the control of H* norms of f
and of its support (like in the works on the Vlasov—Poisson system, such as in [14]).

It is easy to verify that our theorem also holds when (1.6) is replaced by (1.5),
or when P is not a power function of p (but some well-behaved function). We think
that the extension to systems in which an energy equation appears should also be
not too difficult. Finally, polydispersion (when droplets have different radii) could
certainly be taken into account.
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Note however that the well-posedness (even for small times) of systems for
sprays (when no diffusion is present) is not obvious: (non diffusive) equations for
diphasic flows are known to be linearly ill-posed (non hyperbolic) in certain regimes
(cf. [9, 12]), and they have some similarity with equations for sprays. This similarity
is most apparent for thick sprays: our method does not work in this case and the
corresponding equations might be ill-posed.

When some diffusion is present at the level of the fluid equations (that is, Euler
is replaced by Navier—Stokes), the conjecture is that the corresponding system for
thick sprays is well-posed (diphasic equations of Navier—Stokes type are known to
be linearly well-posed (cf. [15])). It looks however quite difficult, even in this case,
to prove rigorously the existence of local smooth solutions.

Finally, we think that there is no hope to obtain (for general initial data) global
smooth (H?) solutions for the system we consider because the shocks created by
the “Euler part” of the system have no reason to be smoothed by the “Vlasov
part”, the coupling being made through source terms only. For having an idea on
how the smoothness disappears at the level of the Euler equations, we refer, for
example, to [10].

In all the sequel, we shall use the following notations (when h = h(t,z), s € N,
T>0,pe€[l,+00] and « is a multi-index):

Iha(t \// |Dg (k) 2(t, z)d,
\()4|<9

IPllr = gmas, 18]

hllze.r = s [A(E, ) e

Sometimes, the same notations are used for f = f(¢, z,v) (with « replaced by (z, v)).

In Sec. 2, we present our main result. Then, Sec. 3 is devoted to some (classical)
preliminary results for the Euler and Vlasov equations taken separately. The rest of
the paper presents the proof of our main theorem. In Sec. 4, we define an approx-
imation scheme and show a priori estimates for its solution. The convergence of
this scheme towards our equation is proven in Sec. 5. Finally, a few complementary
results are presented in Sec. 6.

2. Main Theorem of Existence and Uniqueness

Once all the constants have been eliminated from the equations, we end up with
the following system (in dimension N > 1):

Op+ Vg - (pu) =0, (2.1)
o) + V.- (pueu+ PO = [ flpv—pde,  (22)
Ohf+ V- (0f) + Vo (flpu—pv)) =0, (2.3)

where P(p) = p7, and v > 1.
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Coupling Euler and Vlasov Equations in the Context of Sprays 5

We take as initial data:

Ve e RN, p(0,2) = po(x), u(0,z) = uo(z), (2.4)
V(z,v) € RN x RN, £(0,2,v) = fo(x,v).

Finally, we define G = ]0,+oc[ x RY as the space in which (p, pu) will take its
values. We prove the following theorem.

Theorem 2.1. We consider N € N*, G = |0, +o0o[ x RN, s € N such that s >
N/2+1 and s > N, and G1, Go open sets of G such that G1 C Go, and such
that G, G are compact. Let (po, pouo) : RY — Gy be functions satisfying po =
po—1€ H*RN) and ug € H*(RY). Let also fo : RN x RN — R, be a function of
CHRN x RN) N HS (RN x RY).

Then, one can find T > 0 such that there exists a solution (p, pu; f) to system
(2.1)~(2.5) belonging to C*([0,T] x RN, G9) x CL([0,T] x RN x RN R,). Moreover,
p(=p—1), ue L>(0,T), H*(RN)) and f € L>([0,T), H* (RN x RM)).

Moreover, if (p1,p1ui; f1) and (pa, pausa; fo) belong to CH([0,T] x RN, Ga) x
CL[0,T] x RN x RN R, if they satisfy (2.1)~(2.5), and if they are such that p,
p2, U1, uz € Loo([OaT]vHS(RN))a fi, 2 € Loo([OaT]vHS(RN X RN))v then p1 = pa,
uy =up and fi = fo.

Remark 2.2. This theorem shows the existence (and uniqueness) of solutions cor-
responding to a gas which is at rest at infinity (and of density 1), and which contains
particles which are localized in a certain bounded domain.

Proof of Theorem 2.1. In a first step, we shall restrict ourselves to initial data
such that gy and poug lie in C2°(RY), while f; belongs to C2° (RN x RY). In Sec. 6.2,
we shall explain how to regularize the initial data in order to obtain the result for
all initial data described in Theorem 2.1.

Sections 3-6 are devoted to the sequel of the proof of Theorem 2.1. O

3. Preliminary Results
3.1. Symmetrisation

We prove in this section the following proposition, which enables to obtain a sym-
metrized form for the Euler equation.

Proposition 3.1. The system (2.1)~(2.2) can be written under the symmetrized
form

SU)BU + Y (SA:)(U)dz,U = S(U)B(U, f), (3.1)
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1 whereUz(p),

pu
2 t
Po) + |m;| ~Hpuw)
g p p
_pu Idy
P
3 (fori=1,...,N),
0 0 0 0 1 0 0
gy
p p p
ey P
p p
A; = : 0 0 : 0 :
2
i 2pu;
P'p) - (puz) o o0 o % g o
p p
E o 0 0 :
_PUNQPUi 0 o oo, pu
p p p
5 and
0
I
b= [ flove — puz)as
R
7 Moreover, the symmetric definite positive matriz S(U) is a smooth function of U
satisfying
9 cldy < S(U) < ¢ 'Idy (3.2)
when U € Gy (or G), for some constant ¢ > 0 (depending on G (or G3)).
11 Finally, all the matrices SA;(U) are symmetric.

Proof. The eigenvalues of S are

=g <P/(p)+ (puf +1) + 1\/<P’(p) e 1)2+4(pu)2,

2 p 2 p? p?
2 2 2 )2
Ny — % (P,(p)+ (ppu2) +1) _ %\/(P,(p) n (p;) _ 1) +4(pr) ’

Ni=1 for3<i<N+1.
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A simple computation shows that the matrices SA; are symmetric. It remains to
2
prove that S satisfies (3.2). This is due to the fact that A; < P’(p)—i—% +1, so that

A1 < C. Moreover, A\j Ay = P’(p), s0 Ao > % and therefore \o > C' > 0.
P'(P)+—pp2 +1 0O

3.2. The transport equation

Let p, u be any smooth functions. Then, the transport equations (2.3) and (2.5),
which can be rewritten as

Of +v-Vaof +(pu—pv)-Vof =Npf, [f(0,2,v)= fo(z,v),

has a unique solution

F(t,2,0) = fo(X(0;2,0,t), V(0; 2, v, 1))elo Ne(X (Twv.t)m)dr (3.3)
where the characteristic curves X (¢;z, v, s), V(¢;z,v, s) are defined by

dX

d_(t,I,U,S) V(t Z‘,U,S), (34)

X(s;x,v0,8) =

—V(t x,v,8) = (pu)(t, X (t;z,v,8)) — p(t, X (t; 2,v,8))V(t; 2,0, 8)

dt ) ) ) ? bl ) ) p ? bl ) ) b ) ) ) (3'5)
Vis;z,v,8) =

It is clear thanks to (3.3) that if fy has a compact support, then f(t,-,-) will
also have a compact support for all ¢. We denote

Xu(t)=  sup ], (3.6)
(z,0)eRN xRN
f(t,x,v)>0
and
Vi (t) = sup [v]. (3.7)
(z,0)eRN xRN
f(t,z,v)>0

In other words, Supp f(t,-,-) C B(0, X (t)) x B(0, Vas(t)).

4. The Construction Scheme

We recall that we denote U = *(p, pu). According to Sec. 3.1, the system (2.1)-(2.3)
can be written as

N
ST + Y (SA)U)D., U = S(U)b(U, f), (4.1)
Of + V- () + V- (f(pu— pv)) =0, (42)

where S satisfies (3.2).
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We also recall that up to Sec. 6.2, we suppose that the initial data are such that
Up— Uy € C°(RY),  fo € CXRY xRY), (4.3)

where Uy = ((1))

In this section, we write an inductive approximation of the system. Then, we
show a priori estimates on a time interval [0, T}], where T, > 0 is the same for all
the steps of the approximation.

We note that since s > N/2+ 1 > N/2, H¥(RY) is embedded in L>°(RY) (the
inclusion being continuous). Using the fact that Uy takes its values in G (such that
G1 C Ga), we can find R = R(G1,G2,s,Up) > 0 (defined once and for all) such
that for any function U, if ||U — Up||s < R, then U takes its values in Gs. Finally,
Supp fo € B(0, Xa(0)) x B(0, Var(0)), with the notations (3.6) and (3.7).

We define by induction the quantities 6, > 0 and (U*, f*) in this way:

e 0y = +oo, and for t € [0,6y[, (U°(2), f°(t)) = (Uy, fo).

e We now suppose that 8, > 0 is defined, together with the smooth functions U*,
f* on the time interval [0, §;[. We suppose moreover that V¢ € [0, 0x[, z € RY, one
has U¥(t,z) € Go. Then, we define (U**1, f¥+1) on [0, 0| as the unique smooth
solution of the linear system

N
SUMUM + 3 (SA)U*)0,, UF = SUFBU*, f*),  (4.4)

i=1
UL (2,0) = Uy(x), (4.5)
O fF T+ Vo (ufFH) + Vo - (T (pMuF = pFo)) = 0, (4.6)
ka(O,x,v) = fo(z,v). (4.7)

Finally, we introduce 6;4+1 > 0 as the supremum of the times 6 < 6 satisfying
Uktl(t,z) € Gy for all t € [0,0[, =+ € RV.

Note that since the system (4.4) is linear, symmetric and has smooth coefficients
(on [0, 6x]), it admits a unique smooth solution U**! (on [0, §x[). Moreover f¥+1 is
the unique smooth solution of a linear Vlasov equation with smooth coefficients (it
can be explicitly computed by the method of characteristics as in Sec. 3.2). Finally,
0141 > 0 since UFH! is smooth and Uy € Gy. All of this ensures that the induction
is well-defined.

Then, one can observe that the support (in the 2 and v variables) of U* — Uy
and f* are compact (and depend on k and t € [0,6[). This property is true for
k = 0 (thanks to (4.3)) and it can then be proven by induction. We denote by X¥,
and V}§ the quantities X»; and Vjs related to f* (defined by (3.6) and (3.7)).

We finally define T}, as the supremum of the times T' € [0, 6 [ such that

IU* ~ Uolls,r < R, (4.8)
1F*0s < 20l folls, :
1F* oo < 201 foll £, (4.10)
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vt e [0,T), X% (1) <2Xun(0), (4.11)
vt € [0,T], V&) <2V (0), (4.12)

and such that Ty < Tj.
It is clear (by induction) that for all k € N, T}, > 0. We now prove the decisive
a priori estimate, namely the existence of T, > 0 such that Vk € N, T}, > T,.

Proposition 4.1. We consider initial data such that (4.3) holds and define the
sequences Oy, U*, f* by (4.4)~(4.7), and Ty, by (4.8)(4.12).

Then one can find T, > 0 which depend only upon G1, Ga, s, Uy and fo such
that Vk € N, Ty, > T,.

Proof. We recall that (on the time interval [0,T%[) f* and U* — Uy are smooth
and have a compact support, so that we can manipulate them (and in particular
perform integrations by parts) without taking care of their behaviour at infinity.
In the sequel, we use C for any constant (C'(fy) for any constant depending only
on fp, etc.). Though R depends only on G1, G2, s and Uy, we keep its dependence
in the various constants, for the sake of readability of the proof.
The proof of Proposition 4.1 is divided in three steps. O

Step 1. For all k£ > 0,
10U 21,7, < C(s,G2, R, Uy, fo). (4.13)
Proof of Step 1.1. Using Eq. (4.4), we get for ¢ € [0, Ti41],
10U =1 (8) < D N AUM) O, UM o1, gy + U, F) 51,100, (414)

where

Hb(Uka fk)”S—LTkH = Z

lal<s—1

0
(D%ok J frvdv) — D (pFuk [ fdv) )

We use the following (classical) result (cf. [10]): If h, g € H*(RN) N L>=(RY)
and |a| < s, then

D% (hg)llLz < C(s)([hllz==llglls + llgllz=lPlls)- (4.15)

We get (for |af < s)
/fkvdv + H/f’“vdv

S TERE |p’“uk|s>.
s Lee

0,Tk41

1D (U, )0 < C(S)<|Pk||L°°

1"l
LDO

a7t
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For t € [0, T[, we can bound by R the H* norm of U* — Uy, so

1D 00* )l < o) (| [ oa + ez )

o|frad ] f ),

For t € [0, T[, we can also bound the support of f*, and its H* and L norms:

/ fedvl| < / Lgupp s o
Lee oo
< 2V fH e (V)N < CUfo), (4.16)
H / Frodv| <2Vl (Vi)Y < C(fo), (4.17)
L>

H/fkvdv ) a|<5\// vDOf (f*)d ) dx

< C(VEONEHI £ < C(fo),
H [ o] < @M < 0G0

1 Finally, we obtain
Hb(Ukafk)HS,Tk < C(sza fo)v (418)

3 and (in particular)
Hb(Ukvfk)Hsfl,Tk-H S C(sza fO) (419)

5 Then,
AU, U sr e = D ID(A(UM)0:, UM Y 0,1,
lo <s—1

7 depends only on derivatives of Ul of order < s. We recall that ||[UFF! —
Uolls, 7., < R, and we use the following (classical) result (cf. [10]): if u — g(u)
9 is a smooth function on G and if x — wu(x) is a continuous function with values in

Go such that v € L= (RY) N H*(RY), then for |a| < s (and s > 1),

ID*g(u)|[r2 < C(s) sup  sup |[D?g(w)|||ull 7= |ulls- (4.20)
11 weGs |B|<s—1

We obtain (for |a| < s—1) thanks to the Sobolev embedding H*~1(RY) c L>°(RY),
ID*(Ai(U")02, U Y om0y < ID*((Ai(U") = Ai(T0) 0, U 0,744
+[14:(T0) D (02, U ) lo.13 14
< C)(1A:(U") = Ai(O0)lls—1,741 102, U | e 1y
+[[4i(O0)ll 2 7141 102, U | sm1m)
< C(s,G2, R, Uy). (4.21)
Putting together (4.14), (4.19) and (4.21), we get (4.13). m|
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Then, we turn to the
Step 2. Forall k >0, T € [0,inf(1, Ti41)],

sup [|[UM — Up|ls(t) < Te(G2)*C(s, R, Ga, Uy, fo). (4.22)
te[0,T]

Proof of Step 2. We begin with an abstract (classical) lemma which enables to
obtain energy estimates for solutions of symmetrized hyperbolic systems.

Lemma 4.2. Let S = S(t,z), A; = A;(t,x) be smooth matrices (on [0,T]) such
that S and SA; are symmetric. We suppose moreover that ¢ Idy < S(t,x) < ¢ dy
for some ¢ > 0. Then all (smooth and compactly supported) vectors W = W (t,x)
and F = F(t,x) satisfying the system

SOW + 3 SA;0, W = F, (4.23)

W(x,0) = Wy(x), (4.24)
can be estimated in the following way: for all t € [0,T],

-~ 1
[Wlo(t) <c! <||W0|0 + 3

00+ 0, (SA;)

/ W lo(r)dr
Lo, 0
+/0 |F||0(7')d7'>. (4.25)

Proof of Lemma 4.2. By multiplying (4.23) by ‘W and by integrating over
x € RY, we obtain

%at/fWSde = %/fw <8tS+Zax,;(SA¢)> de+/tWFdx. (4.26)

Then, (4.25) is obtained by differentiating [*W.SWdz and by using the estimate
TWSW > dWW. O

We now turn back to the proof of Step 2. We study W*+! = U*+1 — ;. Then,
W+ is solution of

W (z,0) =0,

with H* = — 3, (SA;)(U*)d,,Uy. We recall that W ! is smooth (C*°) and has a
compact support in [0, Tjy1] x RV,

We look for an estimate on the norm H*® of W5t We denote W, = DeWk+1
(for |a| < s). The function W, satisfies

S(UMHWa + > (SA)(U)0e,Wa = S(UF)D*(S™HU*)H" + b(U*, f*)) + Fa,

with FO‘ = S(Uk) Ez(A7(Uk)871Wa - Da(Ai(Uk)auWk-i_l))'
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We use formula (4.26) in order to obtain
50 [ WaSUWadz =5 [0, <8tS(Uk) " Z@mi(SAi)(U’“)> Wods
+ /tWaS(U’“)Da(S’l(U’“)H’“ +b(U*, %)) da
+ / WoFodz.

Up to time Ty, U* takes its values in Go, on which S and SA; are smooth (more
precisely, one can bound the derivatives (of any order) of those matrices by a con-
stant depending on G4 only). We also recall that thanks to the Sobolev inequalities,
H~1RN) c L>®(R"Y). We estimate
10:U* || o 1, < C()]|0:U*||s-1,1, < C(s,G2, R, Up, fo) from (4.13),
102, U* | oo 1, < C)1102,U* | s-1,7:
< C(s)(IU* = Uolls,zi + U = Tolls,n.) < C(s, R, Vo),

1 so that (since Tj11 < T})
10:SU*) + >~ 05, (SANU*) | L= 1311 < Cs, G2, R, U, fo)- (4.27)
3 We now use the following (classical) inequality (cf. [10]): if h € H*(RY), Vh €
L>®(RY), g€ H5YRN) N L=(RY) and |a] < s,
5 1D%(hg) = hD*(g)llo < C(s)(IVRIl Lo llglls—1 + lgll o l|Plls)- (4.28)

Then, for |a| < s,
AU*)0r, Wa = D (Ai(U)00, W) = (Ai(U") = Ai(T)) D7 (0, W)
— D((Ai(U*) — Ai(T)) 0, WHT),
and (according to (4.28))

1Eallo.rrs < ISUM)Izee 14, C5) Y (ID(A(U*) = Ai(T0))l| Lo 73y

K3

< N0n, WE s m1 s + 102, W | oo 1y | A((U) = Ai(To) 5,111
< C(S,GQ,R, Uo). (4.29)
According to (4.15), we get (for |a| < s)
IS@H DS UM EM o112 < SO Lo Y 1D (A(UM)D2,Uo)fo,m,

< C(s,G2) Y (1A(U*) = Ay(To) | oo 13 102, U |

3

+ 1102, Ul o= 1, | A:(U*) = Ai(To)ls.,
+C|05,Uolls,m,) < C(s,Ga2, R, Uy). (4.30)

s, Tk
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1 Finally, thanks to (4.18), (and for |a] < s)

|‘S(Uk)Da (b(Uka fk))||0,Tk+1 < C(GQ)C(57 Ra fO) (431)

We now use estimate (4.21) for ¢ € [0, Ty+1[. We get

Wallo(t) < e(G2)™" | [Wallo(0) + % Wallo(T)dr

S+ 0u,(SA)

Lo Tyq1

= [l + IS D% (5~ A,

+SW*H)D* (b(U*, f’“))llo)dT] ~
By using (4.27)-(4.31), we obtain

IWeloe) < e2) [IWalo0) + 16, Ga. B, Ui o) [ IWall(ra
" /Ot(C(s,Gg,R, Uo) + C(s, Ga, R, Uy) + C(Ga)C(s, R, fo)dr |
Summing for all |a| < s these estimates, we end up (for ¢ € [0, Tg4+1[) with
WA (0 < o) (1I7441.0) + Cls. G, R U o
X /01t ||Wk+1||s(7')d7') + ¢(Go) " 1tC (s, R, G2, Uy, fo)-

Thanks to Gronwall’s lemma, for all ¢ € [0,7T] with T' < Tj1,

[WHH1s(t) < e(Go) "M (W 15(0) + TC (s, R, G, Uo, fo)
% ec(Gg)’lC(s,R,fo,UmGﬂT.

3 When T < 1 and since W *+1(0) = 0, we end up with (4.22). O

‘We now turn to the

Step 3. The following inequalities hold for all T € [0, inf(1, T;41)],

1F* poer < [ foll e e @27, (4.32)
5 o < V2eCCT fols + TC(s, R, fo, G2, Uo), (4.33)
sup Vi () < Var(0)e9@DT 4+ O(Go)T, (4.34)
t€[0,T]
sup XNFL(t) < X (0) + C(Gy, fo)T. (4.35)

te[0,T]



1st Reading

February 11, 2006 16:56 WSPC/JHDE 00070

[y

14 C. Baranger € L. Desvillettes

Proof Step 3. Using notations similar to those of Sec. 3.2, we define the
characteristics

dXd—ljl(t;a:,v,s) = VMt 2,0, ),
Xkl (s;z,0,8) =z, (4.36)
W im0.s) = ()X 1 2,0,9). 0
— M XETY 20, 8), O VETL (t 2,0, 8),
V(s 2,0, 5) = v. (4.37)

Estimate (4.32) is a direct consequence of the formula:
karl (t, z, v) _ fO (XkJrl(O; z,v, t), VkJrl (0’ z,v, t))efot Npk(Xk-Fl(T;m,v,t),T)dT.
Then, writing in an implicit way (4.36)—(4.37), we obtain

t
Xkt a0, 8) = x—i—/ V(1 2,0, 5)dr,

s
ot kxktlo .
VkJrl(t;J?,’U,S) — e S (X (‘r,a:,v,s),‘r)d‘rv

t
b [ S ) 0 ) O (75,0, ), )

S

so that

VR (052, 0,t) = ve™ O PN (X (s, m)dr
0
n / o o Pk(XkH(%;x’v’t)";)d‘;(pkuk)(Xk+1(T;x,U,t),T)dT.
¢
Then,
¢
v| < |V’“+1(0;m,v,t)|ef0' I\pkl\Lm(T)dT+/ HpkukHLw(T)ef% 0" Il Loe (F)dF g (4.38)
0

Since

Vittty= sup v
fEH(t,z,0)>0

= sup ]
FTH R (03,0,8), VE (052,0,6)) >0

< sup |v],
| X*HL(0;2,0,) [ < X ar (0)
[VEFL(052,0,8)| < Vs (0)

we get (for t € [0, T[, T € [0, Tk+1])
t
VEFL(E) < Vag (0)els 1"l (rdr / 5 [ o (7l I8 e (P)a g 4 30
0

Then, we obtain (4.34) by noticing that T < 1.
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We proceed similarly for X¥,. Using the formula for VA]}H, we get

t
z = X" (052,0,1) +/ ve™ S AT saw.0)0)ds g
0
t T
+ / / e~ f; p(Xk-H(s;x,v,t),s)ds(pkuk)(Xk+1(,7:; x, 'U,t), %)d’?d’]’,
o Jt
so that
LA
lz] < |Xk+1(0;x,v,t)| + |Vk+1(0;x,v,t)|/ eJo 1P llLos (s)ds g,
0
t t
—|—/ HpkukHLm(T)ef: |\Pk||L°°(8)de7'/ eJENP" oo (s)ds g
0 0

t T
[l () [ el W O gz,

and (for t € [0, T[, T € [0, Tk+1])

t
XEF(t) < X (0) + Vi 0) / o7 Il (s)ds g
0

t t
+/0 p* e (7)e llpkl\Lw(S)deT/ NP e (8)ds g

0
t T
+ / ||pkuk|\Lm (T)/ eJT P lLoe (s)ds gz g (4.40)
0 0
1 Using the fact that T < 1, we get (4.35).
It remains to prove estimate (4.33) on the H*® norm of f*+1. For this, we take a
3 derivatives with respect to « and 3 derivatives with respect to v (with |a|+|5] < s) of

FFHL As a result, we get a coupled system of Vlasov equations whose characteristic
5 fields are the same as those of the equation satisfied by f*+!, and whose right-
hand side contains derivatives of order < |a| +|3| of f¥*1, and derivatives of order
7 < |a| of U*.
The equation for a derivative of arbitrary order of f*+! writes:

D2 DS Lt 2, v) = D2DE fo(X*(0; 2,0, t), VE(0; 2,0, 1))

t
% efot Ca)[gpk(X(‘r;a:,v,t),‘r)d‘r+/ ef: Ca)[gpk(X(‘T';w,v,t),‘F)d?
0
X Ba76(Xk(T7 €, v, t)) Vk(T; €, v, t))dTa

where Cy 3 € R (in fact it is always some positive multiple of N') and where B, g is a
9 linear combination of the D D' 541 with |o/|+|8'| < |a|+ ||, whose coefficients
are themselves linear combinations of v and DJU*, with |y| < |a.
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We write down explicitly the term Bs o, which contains the terms of highest
order (of derivatives) of U* (among those for which |a| + |3| < 3):

Bso = 3Vup Vaa fF = 3(Va (P ") — 0V p*) Vg fH1
+ 3vmpkvmfk+1 - 3(vww (Pkuk) - 'Uvacacpk)vawkarl
+ Vige (pk)karl - (vxm (Pkuk) - Uvmxpk)vvkarl- (4-41)

We look for the L? norm of D& D? f*+1. We have (for T' € |0, Ty 1[and t € [0,T])

//(Dngka(t,x,v))dedv
=< 2//(D:D5f0(Xk(0;x,v,t),Vk(O;x,v,t)))Q

« €2Jo Capp™ (X" (msz0,),m)dT 10000

t
+2// (/ ef:Ca)[gpk(Xk(‘F;w,v,t),‘F)d‘F
0

2
><Baﬁ(Xk(T;a:,v,t),Vk(T;a:,v,t))dT> dxdv. (4.42)
1 In the first integral of (4.42), we use the change of variables (z,v)
(X*(0;2,v,t), VF(0; 2, v, 1)), whose Jacobian is efo No" (X" (7iww.t).r)dr

We obtain
/ 2(DEDP fo(X*(0; 2, v, 1), Vk(O;a:,v,t)))QeQ-fg Copp" (X (732,06 7)dT g
< [[20s D2 go(x, vyReli Gt Kt gy
< 2e'“U9)||Dg DY folI5. (4.43)

We now estimate the second integral. Using Cauchy—Schwarz’ inequality on the
square of the time integral:

2

t
2// (/ el C“vﬁpk(X(%;'”’”’t)’%)d%Baﬁ(Xk(T;a:,v,t),Vk(T;a:,v,t))dT) dxdv
0

t
2// </ ef;’ ch,gp’“(X(?;$7U7t),?)d7’—d7_>
0

t
X (/0 elr C“vﬁpk(X(%;x’“’t)’%)d%Biﬂ(Xk(T;a:,v,t),Vk(T;a:,v,t))dT) dxdv

t
tetC(G2)///ef:Ca,gpk(X(%;x,v,t),%)d-T—
0

X Bgyﬁ(Xk(T; z,0,t), VE(r; 2,0, t))dedvdr.

IN

IA



1st Reading

February 11, 2006 16:56 WSPC/JHDE 00070

Coupling Fuler and Vlasov Equations in the Context of Sprays 17

Then we use the change of variables (x,v) — (X*(7;2,v,t), V¥(;2,0,t)), whose
Jacobian is /s NP*(X(F2.0.6).9)d7 We obtain in this way

’ 2
2// (/ el C‘“’pk(X(%;x’“’t)’%)d%Baﬂ(Xk(T;a:,v,t),Vk(T;x,v,t))dT> dxdv
< 2tetC(G2) / / / B2 4(X,V)dXdVdr. (4.44)

We now show that the L> norms of V,f*! and V,f**! are bounded. We
notice that

at(vvfk—H) +v- vx(vvfk+l) + (Pkuk - pkv) : vv(vvfk—H)
= 2Npk(vvfk+1) - vwfk+1v

so that
\V4 karl(t T ’U) _ efo 2N (XF (r52,0,t),7 d‘rv fO( (O;x,v,t),Vk(O;x,v,t))
_/ ef:2Npk(Xk(s;w,v,t),s)ds
0
X Vo Y XE(ryx,0,1), VE(rs 2,0, 1), 7)dr

1 and therefore (for t € [0,T7)
t
IV 5 [ (£) < |V fol| e €O 4 OG0 / IV o4 e (7)dr
0

With the same kind of arguments (and noticing that U* has its derivatives in x of
first order in L since it is bounded in H*®), we get (for t € [0,T)

IV F oo (8) < |V follooe® Dt 4+ C (s, R) || fol| soteC @)

t
4 C(fo, 5, R)eCO! / IV o ()

3 Thanks to Gronwall’s lemma, we obtain (for ¢ € [0,T[, T < 1):
IV /Sl zoe (8) + IV f*H Lo () < C(s, R, fo, Ga)- (4.45)
5 We now prove that for 7 € [0,T:
/ B2 4(X,V)dXdV < C(s, R, fo, Ga, Up). (4.46)
7 We write down in a detailed way the proof in the case N = 3, s = 3 (the most

important for applications). A summary of the proof in the general case is presented
9 in Sec. 6.3.
In this case (N = 3, s = 3), the most representative and complex term (for
la| + 8] < 3) is Bs. The other terms B, s can be treated analogously. Since
3> 3 +1, H3(R?) and H?(R®) are embedded in L>(R?). Moreover, H'(R3) is



1st Reading

February 11, 2006 16:56 WSPC/JHDE 00070

18 C. Baranger € L. Desvillettes

embedded in L°(R3) (the inclusions being continuous). We recall that on [0, Ty 1],
|U* — Uo|ls < R. Therefore,

||Uk||L°°,Tk+1 <C
vaUk||L°°,Tk+1 < C(Ra UO)v
<C

Hv,quk”[ﬁ S (Ra UO)
1 In the same way, since H'(R®) is embedded in L3(R%), and f**! satisfies (4.9)
and (4.10), we have:
3 Vot s 1, < Clfo)
Moreover, thanks to (4.12), f**! has a compact support in v, given by V]@H. We
5 now examine each term appearing in (4.41), for some ¢ € [0, T (¢ is not explicitly

written down in the sequel).
The terms containing derivatives of first order of U* are the simplest:

”?’vmpkvmkarl - 3(vm(pkuk) - Uvmpk)vmvkarl llo
<N VUM (IVaa 5 o + (1 + Var ) I Vazo 5 o)
S C(Ra UOv fO)

Then, we treat the terms containing derivatives of second order of U*:

Vsl V0 5 o = { [waauty ( / (vafk“)?dv) dm}1/2
() (o))
< | Vaal¥||zo { / (/(wa’““)?)dv)

« ( / LSupp, fk+1dv>1/2 dx}l/g

< C(R,Uo)C(fo)(Varth)M®
é C(Ra UOv fO)a (447)
7 and similarly
||UvmmUkvxvfk+1”0; vamUkvxkarlHO S C(R7 UO;fO)- (448)

The last term contains derivatives of third order of U*. We use here the L
norm of f**1 or V, f*+1 as obtained in (4.45), for example:

”vxmekvvf]H_l”O < vafk—’_l”L‘”Hvmek”O (4-49)
< C(S,R, anGQ)C(R; UO) (450)
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Finally, we use estimates (4.47)-(4.49) in order to obtain

HB370|0,T < C(SaR7 f05G27U0)- (451)
Using (4.42)—(4.44) and (4.51), we end up with the estimate (for ¢ € [0, T):
P2 < 269 fol|? + 2427 C (s, R, fo, G2, Un). (4.52)

Remembering that 7' < 1, we get (4.33).

We now conclude the proof of Proposition 4.1. We see that if 7, € ]0,1]
satisfies Thc(Go)~'C(s, R, G2, Uo, fo) < R (in (4.22)), (@27 < 2 (in (4.32)),
V2eC(@IT < 3 (in (4.33)), T.C(s, R, fo, G2, Up) < 2| fol|s (in (4.33)), eC(GT- < 3
(in (4.34)), C(G2)T. < $Var(0) (in (4.34)), C(Ga, fo)T. < Xpr(0) (in (4.35)), then
Tyt > Ts.

5. Passing to the Limit

We now pass to the limit when k& — oo in (4.4) and (4.6). As suggested in [10], we
study ||U*+L — U"||o.r.. for some T, € ]0,T.[. We show the

Proposition 5.1. We consider initial data such that (4.3) holds and define the
sequence Oy, UF, f* by (4.4)(4.7), and T, thanks to Proposition 4.1.
Then one can find Ty, € 10,T%[, such that (for k > 2)

1 _ 1 _ —
[0+ = U¥llo. < 0% = UF o, + 7|05 =T 2o,

1% = M or.. < C(Gays, R, fo) U = U2 lo,1es- (5.2)

(5.1)

Proof. Note first that (for & > 2), the function U¥*! —U” is solution of the system:

SUMOUM = U*) + Y (SA) (U)o, (UM —U")

= b(U*, M) = b(UM N + Fy,
where

Fy = (S(U*Y) = SWUM)U* + > ((SA)UF) = (SA:)(U*)) 0, U*.

Moreover, U*+1(0, ) — U*(0,x) = 0.
Thanks to Lemma 4.2 (formula (4.25)), we can write (when ¢ € [0, T4[)

[T —U*||o(t)

1 t
< e(Ga)! <§|5t5(U’“)+Z%(SAi)(U’“)ILw,n/ [ UMY = UH||o(r)dr
Z 0

+/0 (IIFkllo(T)+IIb(U’“7f’“)—b(Uk1,f’“)|o(7))d7>-
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We use then Gronwall’s lemma. For all ¢ € [0, 7], according to (4.17),

TR — U¥lo(t) < o(Ga) e "B 10U+, 00, (SAVUMlloe 1. T-

x /O (1o () + 16(U*, £5) = b(U 1, f2 ) lo(r)dr

< C(G2)—1eC(G2)7IC(S7G27R7Uo7fo)Tx T,

< ([ llo.z. + 16U, £7) = (U1, £ lo2)- (5.3)

1 Using estimates (4.8), (4.13) and the fact that S and SA; are smooth on G2 (more
precisely, their derivatives are bounded by a constant C(Gs)), we get

3 1Ekllo.r. < C(s,Ga, B, Up)|U* = U lo.r.. (5.4)

Moreover, for ¢ € [0, T%[ (and without writing ¢ explicitly)
16U, %) = b 1, Yo

< l( gk — o1, k1 Fdu — (pF — o1 Fud
< oot =iy [ o= ) [ o
iy [t = e = i [t gt

< H/fkdv Hpkuk —pk_luk_lﬂo—i— H/fkvdv

0

10" = 0" Hlo

I,

T P H/ = 1| 1 | [ ]|
Then,
| [t = | < @) £
< CUDIS* = 5o,
H [ < et -
Finally,

16(U*, £*) = (U 1, o < C(f)IU* =T o
+C(Ga, f)lI* = ¥ o. (5.5)
Then, we note that
O = ) o Va(fF = 7 + (08T = p ) W (FF = 5T
— NPFL(fF = PR L, (PR 2R — R ) — (0P TE — L)),
Moreover, at t = 0, f*(z,v,0) = f*Y(z,v,0) = fo(z,v). So
(= P tme) = [ S

0
x B(X* ! (ry2,v,1), VF 1y 2,0, 1), 7)dT,
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with

B=VY,- (fk—l((pk—Quk—Z _ pk_QU) _ (pk—luk—l _ pk—lv)))
_ (pk—Quk—Q . pk—luk—l) . Vq)fk_l o (pk—Q o pk—l)(ka—l Tu- vvfk_1)~

Using Cauchy—Schwarz’ inequality and the change of variables (x,v)
(XE=1 VE=1) we get for all t € [0, T%],

//((fk — N (¢, x,v)) 2 dedy = // (/Ot e JI NoF T (XN T (s5m,0,8) ) ds

2
x B(X* Y1 2,0,t), VF (12,0, 1), T)dT) dxdv

t
S// </ e[:‘ Npk_l(Xk_l(s;a:,v,t),s)dsd,r>
0

t
« / ef: NpF=1(X*F=1(s;2,0,t),s)ds
0

x BA(X Y z,0,t), VE Y (12,0, 1), 7)drdady

t
§tec<G2)t// B?(z,v, 7)dzdvdr.
0

1 In order to bound B in L?, we use the L> bound on f*~1 and its derivative with
respect to v obtained in (4.45).
Then,

// B2(, v, 7)ddv < (VE ()N (V0 /5 1

L e + Vi OV £ )2 U = U215 ()
< C(SaRv fOﬂ GQ)”Uk_l - Uk_QH(%(T)'

Finally, for ¢t € [0, T,] (and remembering that T, < 1),

¢
175 = A1) < e (s, R, fo, Gz)/ |UF=t = U*2|5(r)dr
0
< tQC(SaRv fovGQ)”Ukil - UkiQ”%,t' (56)
Then, thanks to (5.5) and (5.6),

16U, ) = BU™ 1, £ o,
< C(s, R, fo, Go)(IU* = UM Moz, +1UFF = U lloz). (57)

Using now (5.3), (5.4) and (5.7), we end up (for ¢ € [0,7%], and T% < 1) with

[UM = U*|lo(t) < C(s, R, fo,Uo, G2)T.
< (JU* = U* Yo + 1UF =U*2[lo.1).
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We choose T, € ]0,7,[ in such a way that
1
C(S) R7 an U07 GQ)T** < Z

We get in this way the estimate (5.1). Then, estimate (5.2) is a simple consequence
of (5.6). O

We now conclude the proof of Theorem 2.1. Thanks to (5.1), we see that

S U = Ul < +o0. (5.8)
k

Then, the sequence U is a Cauchy sequence and converges towards some limit U
in L>2([0, T, L2(RY)). Tt is clear that U € C([0, Tis[, L*(RY)) (remember that
for all k£ > 0, U* is smooth). Moreover, thanks to (5.2) and (5.8),

ST = fllor.. < +oo. (5.9)
k

Then, the sequence f* is a Cauchy sequence and converges in the space
L>=([0, Tii], LA(RY x RY)) towards some function f € C([0, Thi[, L2 (RY x RY)
(remember that for all k > 0, f* is smooth).

Since we know that [|[U* — Uolls,r.. < R, we also have that U lies in

L>=([0, Twi], H*(RY)), and that |U — Up||s,r.. < R. In particular, U = ( p ) lies

pu
in L°°([0, Tws], C1(RY)) and takes its values in G. For the same reason, f lies in
L=([0, Ti], H*(RY x RN)) and || f|s,7.. < 2|/fol|s- Since the support in v of f* is
uniformly contained in a compact set, we see that the sequences [ f kdv and Jof kduy
are bounded in L*°([0, T, H*(R™)) and converge in L>([0, T\, L>(R™)) towards
[ fdv and [wvfdv. Therefore, [ fdv and [vfdv lie in L>([0, T\.], C*(RY)). Then,

b(UF, fF) = (pkuk [fkdvo_ o [vfkdv) converges in L>([0, T\.], L*(RY)) towards
b(U, f).

By interpolation, for all s’ € |4 +1, 5]

o/
o < Cs)|[UR = U0

HUk+1 _ Uk|

5 k <
x (10 = Ul 7., + U = Uoll 3.
< Cls,s', R)|US = Uo7

So U* converges to U in L([0,T..], H¥ (RY)) for s €]f + 1,s[, and
U e C(0,Tw], H (RN)) < C([0,Tys], CL(RN)). Then, d,,U* converges to
0., U in C([0, T [xRY), and Y, A;(U*)9,, U converges to Y., A;(U)0,,U
in C([0,T..[xRY). Still by interpolation, [ f*dv and [wvf*dv converge in
L>([0, T..], H* (RN)) towards J fdv and [wvfdv, and therefore they also converge
in C([0, Tii[ x RY). Finally, b(U*, f*) converges towards b(U, f) in C([0, Twx| x RV).
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Passing to the limit in the sense of distributions in

Uk-‘,—l ZA Uk Uk+1+b(Uk f‘k)

we get the equation

U = — ZA )02, U + b(U, f), (5.10)

and 9,U € C([0, T..] x RY), so that (5.10) is satisfied in the classical sense.

We now pass to the limit in (4.6) in the sense of distributions. We recall that
p* and pFuF converge in L>([0, Ti.[, L*(RY)) towards p and pu, and that f&+!
converges in L ([0, Tw[, L2(RY x RY)) towards f. We get at the end Eq. (1.9).
Remembering now that the characteristics are C! (because U € C!) and using
Eq. (3.3), we see that f € C}([0, Tii[ x RY x RY), so that (4.6) is satisfied in the
classical sense. Passing then in the limit in (4.5), (4.7), we conclude the proof of
existence of Theorem 2.1 in the case when the initial data are smooth.

6. Uniqueness, Initial Data and Higher Dimensions
6.1. Uniqueness

We note that uniqueness in Theorem 2.1 is a consequence of the estimates proven
in Sec. 5 (more precisely, (5.1) and (5.2). Namely, if we consider two solutions
(p*, prut, 1) and (p?, p?u?, f?) which are smooth in [0, 7] (and such that U*, U?
take their values in some compact subset of G), then we can prove that for some
T.. €10,T],

1
—||U1 U?|lo,r.. + —||U1 —U?[lo,1

ok )

U = U?lox

P —

I = Flor <C(G2,5Rf0)||U1 U[lo.z..-

P —

As a consequence U; = Us and f1 = f2 on this time interval, and (by considering
the maximal interval where this identity holds) U; = U and f; = f5 on [0, T7.

6.2. General initial data

We now prove Theorem 2.1 without assuming that the initial data are in C°. We
recall that our assumption is instead:

po € H*(RN), ug € H¥(RN) (i.e. Ug — Uy € H*(RY)) and fo € CLRN x RN) N
H* (RN x RY). We still assume that Uy takes its values in a compact subset G of
G.

We begin by introducing a smoothing sequence: we choose j € C*°(R") a non-
negative function with support in B(0,1) such that [j = 1. Then, we consider
Jeo(x) = (ek)Nj(eik), where ¢, = 27%¢;, and ¢y will be chosen later. Finally, we



1st Reading

February 11, 2006 16:56 WSPC/JHDE 00070

11

13

15

17

24 C. Baranger € L. Desvillettes

define U} = j., * Uy, and f¥ = (j., @ jc.) * fo. With such a choice, one has the
estimate:

SNUET = Ufllo < 400, D Ifa™ = fllo < +oo. (6.1)
k k

The solution is then obtained as the limit of the inductive sequence (4.4)—(4.6)
together with:

Uk“(a:,O) = Ué“rl(x)7 fk+1(0,a:,v) = (])“H(x,v).

The proof is then very close to the one presented in sections 4 and 5. We only
indicate the two main (small) modifications: first, one has to prove estimate on
Uk — U instead of U* —Uy: in order to be able to do so, one takes £ small enough.
Secondly, estimates (5.1) and (5.2) are replaced by

1 _
[Tt = U¥lo .. < £IU* = U o,

| -
+ 71U = U2 o + ClIUG™ = Ug o,

15 = £ Mlor., < C(Gays, R, fo)|[UFH = U201 + 15 = £5 o

6.3. Extension to dimension N > 3

We explain here briefly how to prove estimate (4.33) in the case when N # 3 (or
s # 3). The only estimate that we did not prove already in this general setting is
(4.46) (with |a| + |8] < s). In order to do so, we notice that all terms appearing
in B, (still with |a| + |B] < s) are of the form vP D™U*D! fk+1 with D denoting
any derivative, p € {0,1},and m, I e Nym+1<s+1,m <s.

First, we consider the case [ € {0,1}. Then, using (4.10) and (4.45), we have

| D' oo 1y < O(s, R, fo, Ga).
So,

[v? D™URD fEH o < DV | oo

X (/(DmUk)2 </(vp)215u,,pvfk+1dv) dm) v

< C(s, R, fo, G2)C(fo)|D™U* o,

and it is bounded since ||[U* — Upl|s < R (on [0, Tk+1]) and m < s.
Secondly, we consider the case [ > 2, so that m < s — 1. But ||U* — Up||s < R,
so thanks to Sobolev inequalities,

| DU on < C(R,Up).

L N—=2(s—m) 7Tk+1
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1 Then, using (4.9) and (4.10), and still thanks to Sobolev inequalities,

IDUFEFY) e < C(fo)- (6.2)

LN=sF1 Tyiy

3 In the previous equation, one has to replace the exponent of the Lebesgue space
by oo if it is nonpositive.
Therefore, using the compact support (in v) of f**1 given by (4.12),

1/2
va DmUlekarl”O _ {/(DmUk)Q </(valfk+1)2d,U> dl’}
N722(]f]77n)
(/(DmUk)N—talj—m)da:>
B
X {/ (/(valfk“)de) dm}
myrk lpk+1y 2
ID"0M, e, { [ (f 0050
ox el
(@0 sup o) 72 o) dr

< C(R,Uo)C(fo)|ID £+

IN

s—m

N

IN

Ls—m
5 Then, according to estimate (6.2), the norm in this last equation is bounded as soon
as Sivm < N%—fﬂ, or, equivalently, N + [+ 2m < 3s. Remembering that this has to
7 hold for m, [ € N such that m +1 < s+ 1, m < s — 1, we see that this is true as
soon as s > N. In this way, we can prove that all the terms appearing in B, g are
9 bounded in L2, so that (4.46) holds.
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