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ABSTRACT. In this paper, we propose a formal derivation of the Chapman-
Enskog asymptotics for a mixture of monoatomic and polyatomic gases. We
use a direct extension of the model devised in [8, 16] for treating the inter-
nal energy with only one continuous parameter. This model is based on the
Borgnakke-Larsen procedure [6]. We detail the dissipative terms related to the
interaction between the gradients of temperature and the gradients of concen-
trations (Dufour and Soret effects), and present a complete explicit computa-
tion in one case when such a computation is possible, that is when all cross
sections in the Boltzmann equation are constants.

1. INTRODUCTION

In the computations of the flow around a shuttle in the context of reentry in the
upper atmosphere, it is necessary to use a kinetic description (that is, Boltzmann
equations) since the Knudsen number Kn (defined as the mean free path of a
molecule of the gas divided by a characteristic length of the shuttle) is of order 1
(or larger) at high altitude. It is also necessary to couple this kinetic description
with a coherent macroscopic description used at lower altitudes where the Knudsen
number becomes much smaller than 1.

Such a coupling is well understood for one monotamic gas thanks to the estab-
lishment of the Chapman-Enskog asymptotics, which clarifies (at the formal level,
cf. [2], [11], and, in a perturbative context, also at the rigorous level, cf. [22])
the relationships between the Boltzmann equation and the compressible Navier-
Stokes(-Fourier) equations of one perfect monoatomic gas. The link between the
cross section in the Boltzmann equation and the dependence of the transport co-
efficients (viscosity and heat conductivity) w.r.t. temperature is related to the
resolution of a specific linear Boltzmann equation (cf. [15] for example), which can
be solved in some specific situations, including the case of Maxwell molecules (cf.

11)).

It is however important to perform the Chapman-Enskog asymptotics in sit-
uations much more complicated than the ones in which is considered one single
monoatomic gas. Indeed, the main chemical species found in the upper atmosphere
of the earth are the molecular oxygen (O3) and the molecular nitrogen (N3), which
are both diatomic. Moreover, due to the chemical (dissociation/recombination) re-
actions taking place in the heated air surrounding a shuttle, one should also (at
least) take into account the atomic oxygen O, the atomic nitrogen N (both are ob-
viously monoatomic) and the diatomic nitrogen monoxide NO. As a consequence,
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it is important to be able to treat mixtures of several monoatomic and polyatomic
gases with different masses (note that it is possible to approximate the masses of
N3, Oz and NO by a common value, but this cannot be generalized if one takes
into account the (atomic) argon Ar, whose concentration in the upper atmosphere
is not unsignificant).

Our goal is to present in detail the Chapman-Enskog asymptotics in a model
as simple as possible fulfilling the assumptions described above (that is, taking
into account a mixture of several monoatomic and polyatomic gases with different
masses), and which enables to recover at the macroscopic level a set of compressible
Navier-Stokes equations for perfect gases with general energy laws. The model
proposed in [8, 16] almost fulfills those assumptions. It uses as unknowns the
number densities f()(t,x, v, I) of particles of the i-th species which at time ¢ and
point £ move with velocity v and have a one-dimensional internal energy parameter
I > 0. The choice of one parameter in the model enables to get quite general energy
equations, but unfortunately not the energy equation of monoatomic gases (which
can be recovered only as a limit of the model). In order to integrate the possibility
of having mixtures of monoatomic and polyatomic species, we introduce therefore in
the model of [16] collision kernels for monoatomic-diatomic collisions (these kernels
are described in section 2). For some applications of such models we refer to [23],
[27], [19]. In particular in [23], the authors highlight different types of shock profiles
which are specific to the polyatomic setting by using the model given in [1], [10],
[24]. In [17], a numerical model for polyatomic gases using the reduced distribution
technique is derived.

In order to test the compatibility of numerical (usually DSMC) codes used at the
kinetic level with fluid mechanics codes used at the macroscopic level, it is useful
to have one example in which the transport coefficients can be explicitly derived
from the cross sections used in the Boltzmann equation. We provide in this paper
such an explicit computation (that is, when the cross sections are constants). This
computation can be seen as an extension of classical computations of transport
coefficients for monoatomic gases with a cross section of Maxwell molecules type
(cf. [11]).

We notice that in [20], [18], the authors describe the internal energy variable
with a discrete parameter. This way of modelling has been adopted in [21], [4],
where kinetic equations of Boltzmann or BGK-type are built up for mixtures of
gases undergoing also a bimolecular reversible chemical reaction. In [4] the hydro-
dynamic limit of the BGK model for a fast reactive mixture of monatomic gases is
derived, at both Euler and Navier-Stokes levels, by a Chapman-Enskog procedure
in terms of the relevant hydrodynamic variables. This BGK model has been re-
cently generalized in [3] to a mixture of polyatomic gases (inert or reacting), each
one having a set of discrete energy levels; the relevant asymptotic limit is available
only for a single gas, and its comparison with phenomenological results obtained
in the frame of Extended Thermodynamics seems to be promising [5]. Suitable
fluid—dynamic closures for a single polyatomic gas have been achieved in the case
of a continuous internal energy [25], and the state of the art on the matter may be
found in the book [26]. However, for the reasons explained above, in view of prac-
tical applications, it is important to provide a complete Navier—Stokes description
for a mixture involving monoatomic and polyatomic species, and this is the aim of
our work.
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The paper is organised as follows. In section 2, the kinetic model for mixtures
of monoatomic and polyatomic gases is introduced, Boltzmann kernels are written
down together with the corresponding linear operators, and conservations laws
associated to the kernels are recalled. In section 3, the asymptotic expansion is
performed, and the various transport terms appearing in the Navier Stokes system
are described and linked to the cross sections of the Boltzmann kernels. Then,
section 4 is devoted to the complete treatment of the case when all cross sections
are constant: in this case all transport terms can be explicitly computed. Some
basic integrals widely used in the procedure are finally listed in a short Appendix.

2. BOLTZMANN KERNELS FOR A MIXTURE OF RAREFIED MONOATOMIC AND
POLYATOMIC GASES

In this section, we present a direct extension of the model devised in [16] to the
case of a mixture of monoatomic and polyatomic gases.

2.1. General definitions. We consider a mixture of A monoatomic gases and
B polyatomic gases. The distribution function (at time ¢, point = and velocity
v) of each monoatomic species i € {1,..., A} writes f)(t,z,v), where (t,z,v) €
R, xR3 x R3. Then, we introduce for the polyatomic speciesi € {A+1,..., A+ B}
a unique continuous energy variable I € R, collecting rotational and vibrational
energies. Therefore the distribution function of each polyatomic species writes
fO(t,x,v, 1), where (t,z,v,1) € Ry x R® x R® x R;. Following [8] and [16], we
introduce (for each poyatomic species i = A+ 1,..., A+ B) a function ¢;(I) > 0,
which is a parameter of the model. This function is related to the energy law
obtained at the macroscopic level for the considered species i (cf. [14]), for example
wi(I) = 1 for the energy law of diatomic gases e = gT (e being the macroscopic
internal energy by unit of mass, and T' being the temperature, computed in a unit
such that the constant of perfect gases is 1).

Finally we define the mass m; of a molecule of species ¢, and recall the definition
of macroscopic quantities:

The (macroscopic) mass of monoatomic species i € {1,..., A} (at time ¢ and
point z):
min (¢, z) == FO @, z,v) m; do.
R3
The (macroscopic) mass of polyatomic species i € {A+1,..., A+ B} (at time
t and point z):

min(t,z) = / / FO(t, z,v)m; i (I) dIdv.
&3 Jo
The momentum of monoatomic species ¢ € {1,..., A} (at time ¢ and point z):
minD (t, ) u(t, ) == / FO(t,z,v)m; v do.
R3

The momentum of polyatomic species i € {4+ 1,..., A+ B} (at time ¢ and
point x):

mi nD (t, ) u(t, x) ::/

o
/ FO(t,z,0)myv (1) dIdv.
r3 Jo
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The (macroscopic, internal) energy of monoatomic species ¢ € {1,..., A} (at
time ¢ and point x):
) ) — it 2
min®(t,x) e;(t, ) == / FO(t,z,0)m; w dv.
R3

The (macroscopic, internal) energy of polyatomic species i € {A+1,..., A+ B}
(at time ¢ and point z):

o 2
mn(z)(t z)e;(t,x) : // f( t,x,v) <mi|vu;(t7x)|+1>goi(1)dldv.
RS

2.2. Collision operators. In this subsection, we define the collision operators
enabling to treat the collisions between the various types of gases (monoatomic and
polyatomic).

2.2.1. Collision Operator for monoatomic species. We write here the usual Boltz-
mann kernel, for collisions between species 7 and j (i,j € {1,..., A}).

We define (for f := f(v) > 0,9 := g(v) > 0 number densities of the considered
species)

(1)

Qi;(f.9) /R /S { - f(u)g(v*)}B¢j<v —U*Lﬁ -o—) dodv,,

with
mM; U+ M; Uy m;
(2) o= J x4 I — v — o,
m; -+ mj m; -+ mj
m; U+ M Uy m;
(3) vl = — 1= _ v — vy 0.
m; + m]- m; + m]-
The cross section Bj;; satisfies the symmetry constraint B;; = Bj;. As a con-
sequence, the operator satisfies the following weak formulation: For ; := ;(v),
¥j = (v),

/Qwﬂ 0) (v dv+/ Qii(9, 1) (v) t(v) dv

=3 [ L0060 - st} () + 06 - i) w00

UV — Uk

><Bij<|v — V4l =

a) dodv,dv.

o
This weak formulation implies the conservation of momentum and kinetic energy:

@@Nmm(g@)m+@@mww(£f)mzﬂw7

together with the entropy inequality:

/QU £,9)(0) In f(v dv+/ Qsi(g, 1)) Ing(v) dv < 0.




CHAPMAN-ENSKOG ASYMPTOTICS 5

2.2.2. Collision operators between monoatomic and polyatomic molecules. We write
here the asymmetric operator enabling to treat the collisions between a polyatomic

molecule (of mass m;, with i € {A+1,..., A+ B}), and a monoatomic one (of mass
mj, with j € {1,..., A}). This operator is inspired from the operators presented
n (8], [14], [16].

We define (for f := f (v I ) number densities for a polyatomic species, and g :=
g(v) for a monoatomic one)

@ QufawD @LJ{ Y9(ut) = 0. D) g0

x By (\F E, RV |y —v,|, —— . )RW oi(I)"'dRdodv,

o= o.]
with
(5) o — m; U+ My Uy n m; 2RE o,
m; + m; m; + m; Hij

(6) o :miv—i—mjv* _ m; 2REU

* m; + m; mi +my \lopig
(7) I'=(1-R)E,
where p1;; = WZJ:';Z] is the reduced mass, E =  j1;; |v — v, |? + I is the total energy

of the two molecules in the center of mass reference frame, and the parameter R
lies in [0, 1].

We also define the symmetric operator (with the same cross section)

uta 0= [ [ [ [ {oo) 5601 -0t et}

x By (\@ RV2 |y — |, ~— % a> RY? dRdodv.dI.,

=]
with
U,imjv+miv* m; 2RFE
m; +mj m; +mj i ’
U,_mjv—i—miv*_ m; 2RE0
: m; + m; m;+my \l piy
IL=(1-RE
where p;; = Jlnf;;] and F = %/Mj |v — vi)? + L.

These operators satisfy the following weak formulation (note that by symmetry,
the same cross section B;; appears in Q;; and Qj;): for v; := (v, I) > 0, ¥; :=
¥j(v) =0

l//m@MJMﬁmew@Mﬂ+/QM%NW%M@
R3 JO R3

;A;A&Amﬁh[{fWJﬁﬂd)ﬂ%DAM%
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”_”*-a> RY2 dRdodv,dIdv.

v — v

x («/zxv’, I+ (v)) =i (v, I)—wjm)) Bij (JE R'2 |y—v,],

The weak formulation implies the conservation of momentum and total energy:

L[ astrawnen( ek 1 ) dtaes [ Qo no ( i Jar=(0):

together with the entropy inequality:
L] @stownmienemiis | Qs He) g <o,
3 0 3

2.2.3. Collision operators for polyatomic molecules. We finally present the operator
enabling to treat the collisions between two polyatomic molecules of respective mass
m; and m; (i,j € {A+1,...,A+ B}).

We define (for f —fv I)>0,9:=g(v,I)>0):

® auroen=[ [*[ [ [{swasen - .

x By (f E,RY?|v —v,|, —* -o—>( R) RY? drdRdwdl,dv.,

fo— o]
with
) U,:miv—kmjv* n m; 2REU
mitm; o omitmy \ oy
(10) v,:miermjv*i m; 2REU
: m; + m; mi +my \l pig
(11) I'=r(1-R)E, I.=(1-r)(1-R)E,
where p;; = WTZL::L;J is the reduced mass, E = 3 p;; [v — vi|* + I + I, is the total

energy of the two molecules in the center of mass reference frame, and r, R lie in
[0,1].

Using the symmetry constraints B;; = Bj;, one can show that these operators
satisfy the following weak formulation: for ¢; := ¥;(v,I), ¥; == v,(v, I),

/ / " Quy (. 9) (0, 1) (0, 1) u(1) dod] + / / Qg ) (0, 1) o3I dudl
]RS

:77/]1@/ /}RS/ /52/ / { o', 1) v*,IL)f(v,I)g(v*,I*)}

(1) 50 ) = (0 1) = 00 1))

UV — Uy

x Bi;(VE,R"? v — v, o) (1 — R) RY? drdRdwdl,dv.dIdv.

o= u.]

This weak formulation implies the conservation of momentum and total energy:

/]R3 /Ooon'j(ﬂg)(vJ) ( m‘évﬂ ) (1) dIdo
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+/Ra /Ooiji(g,f)(v,I) ( TZfUH ) i (1) dIdv = ( 8 )

together with the entropy inequality:

(12) L] @t .0y drdo

// Qji(g, f)(v, 1) Ing(v,I)p;(I)dldv <O0.
R3

2.3. Linearized operators. We now introduce the Maxwellian distributions
n(?) mi|lv—ul?+2r; 1
exp| — ,
(27 T/m;)3/2 q;(T) 2T
withr; =0fori=1,...,Aand r;=1fori=A+1,..., A+ B.
In the formula above, ¢;(T) =1fori=1,..., A and

¢:(T) := /000 wi(I) e T ar

(13) M® .=

fori=A+1,..., A+ B. We refer to [14] and [16] for those formulas in the case
when r; = 1. In the framework of [20], [18], this term is considered as an internal
energy of species 1.

For any family of functions g( := g( (v, I) withi = A+1,..., A+ B, one can
write

(14)
(MO) Quy (MO, MWD ) 4 D)1 Quy (M g0, M) | (VTV + 0,7 T)

= 0D Ky (gD (VT +u,-T), gD (VT +u, - T))(V, ),

where K;; is defined below. Formulas very close to (14) can be written down when
at least one of the molecules is monoatomic (the only difference being that the
dependence w.r.t. the second variable of ¢g(*) and/or g9 does not appear).

We now write down the linearized operators K;; (around a centered reduced
Maxwellian, and with a rescaled cross section), which will play an important role
in the study of the Chapman-Enskog asymptotics described in next section.

We start with the monoatomic-monoatomic case: Fori=1,...,4,j=1,... A,

e [val?
1 O R0 / /
(5) (h h R3 JS2 27T/m 3/2

X [h(j)<miv+mj E—_ |U—v*|a>+h(i)<miv+mj LR L |v—v*|a>
m; +m; j

m; +m; m; +m; m; +m
—hD(v,) — h<i>(u)] Bi;(VT v — ], % <o) do dv,.
UV — Uy
We then turn to the monoatomic-polyatomic case: For i = 1,... A, j = A+

A+ B,

——\1;*\ —1.
16 B, O (v // //
( ) ( R3 S2 27T/mj 3/2
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x [hm(mi”*mﬁ“* L 2REU,(1—R)E>
m; +m; mi +my o\ i
+h(i)<miv+mjv* n m; 2RE0>
my; + mj my —+ mj ,uij

By;(VTVE,NT RY? ju—v,|, — o) RY?dRdo dI, dv.,,

—h9) (0., I.)=h (U)} (T)

with F = %,uij |v — vi|? + L.

I—*I

Symmetrically, we write down the polyatomic-monoatomic case: For ¢ = A +
LA+B, j=1,...,A

)

- v l?
1 K; h() h(J / / / =
( 7) J( R3 JS2 27T/mj 3/2

" {h(j) (miv tmive omy 2RE 0)
m; +mj m; +mj Nij
+h(i)<miv+mjv*+ m; QREU,(l—R)E)
m; +mj m; +mj Hij

0O, D] BU(TVENT R ], =0 0) R (1) R do.

with B = £ 5 [v — v.]? + 1.

Finally, we consider the polyatomic-polyatomic case. For i = A+ 1,..., A+ B,
j=A+1,..., A+ B,

23 o, 2~ L.
s [ L]
( ,U R3 S2 27T/TTLJ 3/2

(my v, ; 2RE
x[h(a)(m”H'mJU S a 0,(1—T)(1—R)E)
ml——i-mj ml——i-mj /~Lij
o (my v, » 2RE
+h(z)<mzv+m]v T i UT(l—R)E)
mi+m]— mi+mj ,Ufij

By;(VTVENTRY? v —v,|, — 2 . &
q_](T) ]( | ‘ ‘U—U*‘ )

x (1 — R) RY? p;(I) "' dR dr do dI, dv,,
with B = % pij [v — v |2+ 1 + L.

—h(j)(v*J*) — p@ (071)}

We emphasize the fact that those operators (like the quadratic operators @;;)
are Galilean-invariant. In particular, for all isometric transformation R in O(3,R),
one has (denoting by o the composition w.r.t the velocity variable only),

(18) Kij(h oR, b9 oR) (v, I) = Kij(hD, h9)) (R, I).

This property will be useful for the description of the transport coefficients in
the Navier-Stokes systems obtained in next section.
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3. CHAPMAN-ENSKOG EXPANSION FOR A MIXTURE OF MONO- AND POLY-
ATOMIC GASES

We perform in this section the Chapman-Enskog expansion for a mixture of
mono- and poly- atomic gases, when the collision operators are defined by the
formulas developed in the previous section of this paper. The expansion is done
at the formal level, we do not try here to present a functional setting which would
be adapted for obtaining a rigorous expansion. We recall nevertheless that such a
setting exists in the case of one single monoatomic gas (cf. [22]).

3.1. Principle of the expansion. We present in this subsection the basic ideas
underlying the Chapman-Enskog expansion. As in the previous section, we intro-
duce a mixture of A monoatomic gases and B polyatomic gases. We systematically
use the notations of subsection 2.1.

We start by writing the Hilbert expansion for our mixture, that is the rescaled
(w.r.t the Knudsen number) system of Boltzmann equations:

A+B

(19) 0uf 40 Vo f 0 = - ZQ (£, £,

where the operators @Q;; are defined by formulas (1), (4), (8).

We look for solutions of the Boltzmann equation (19) under the form

(20) O = M(i) (1+ 6g(i))
where M{" is a Maxwellian distribution of (number) density n{ = n® (t,x) >0,
macroscopic velocity u. := u.(t,z) € R?, and temperature T, := T.(t,z) > 0. It
writes (cf. (13))

(2) 2

. i |lv— +2r; 1

91 MO = ne - omy v — u AN
21) ST @l m) (T P 27,

with r;, = 0fori =1,...,Aand r;, = 1fori = A+1,...,A+ B. We also
assume (this is done without loss of generality, since one can perform a modification
of the parameters of the Maxwellian distribution by adding terms of order ¢, cf.
[13] for example) that the functions g = géi)(t,x,v) eRfori=1,...,A, and
g()—g()(txv INeRfori=A+1,..., A+ B, satisfy

(22) Vi = LA, /M()g()dv—O
(23) Vi=A+1,...,A+ B, / M® g o, (1) dIdv = 0,
R3 JR,
(24) Z D g m; UdU+ / MD gD my v p;(T) dIdv = 0,
i=A+1 /R IRy
(25)

A+B

- 2
Wy 0 gli) (i 1 , B
;:1 MU LS / ML (ml . +1) pi(I) dIdv =0,

R? i=A+1
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Introducing (20) in equation (19), we get the (approximated) system of linear equa-
tions satisfied by g{”) for i =1,..., A+ B:
A+B

(M~ <&M( D4y VML )> = (M) Y [Qy (MY, MY ¢D) + Qi (ML)
j=1

(26) + Ofe).
Then for i =1,..., A, thanks to (14),
(27)

. A . . .
(ME(Z)) (at (z) +0.-V M(”> - an) Kij(g(”(- /T, +u5),g(])(~ VT +ue))
j=1
A+B . . .
+ Z ngj) sz(g(l)( V Te + u€)7g(])(~ V TE + Ue, 'TS))v
j=A+1

and for i = A+1,..., A+ B, thanks to (14) again,
(28)
(M( ) <atM( )+U Ve M(l ) Zn 7) sz N Te+ue, - T, 5 7g(j)<_ V TE+U’E))

A+B ‘

+ Z nS;J) AT+ ue, - T, ,g VT +ue,-T.)),
j=A+1

where the linear operators K;; are defined by (15), (16) and (17).

We can at this level write down the compressible Navier-Stokes equations (ne-
glecting terms of order €?) of the mixture under the following abstract form:

e Mass conservation for each monoatomic species: ¢ = 1,..., A,

29 Oy MY m;dv+V, - MY m;vdv=—eV, - MW g m; v dv;
( ) £ £ 1> gE
R3

R3 R3
e Mass conservation for each polyatomic species: i = A+ 1,..., A+ B,
(30) o / M m; pi(I)dIdv + V, - M m;vp;(I)dIdv
R3 JRy R3 JRy
=—cV,- MW ¢& ;v (I dvdI;
R3 JRy
e Momentum conservation of the mixture (we consider the components k =
1,...,3):
A A+B
(31) 8,5(2 M(l m; v dv + Z / M( m; vk i (1 )dIdv)
i=1 i=A+1
A A+B
VI(Z M()mlvkvdu—‘f— Z / mivkvgoi(f)dfdv)
= i=A+1

A+B

= —eV,- ( /M(Z D iy v v do—+ Z/ )mlvkvgol(l)dfdv>;

i=A+1

g9,

ME)]
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e Total energy conservation of the mixture:
A+B

at<§: RsME( |”|2d + 3 //R ( [P +1> (I)dldv)

i=A+1
A 2
+vm~(2/ M§i>miﬂvdv+ / / l>< P +I)v¢i(1)dldv)
i—1 /R 2 i=A+1 7R /Ry
2
=—€Vx-<z ) ) mz|—vdv+ / M® )<mi U|—|—I)v4p¢(1)dldv>.
’3 JR 2

=A+1

Next subsections are devoted to Computatlons enabling to write these abstract
equations in such a way that they appear as a system of compressible Navier-
Stokes equations for our mixture (with dissipative terms of order ¢, as always when
Chapman-Enskog expansions are concerned). In subsection 3.2, we compute the
Lh.s. of equations (29) — (32), which amounts to identifying the terms of order
0 in the expansion, corresponding to the system of compressible Euler equations
for the mixture. Then subsection 3.3 is devoted to the computation of the r.h.s,
of equations (29) — (32), which amounts to identifying the terms of order ¢ in the
expansion, corresponding to the dissipative terms in the system of compressible
Navier-Stokes equations for our mixture.

3.2. Euler system. We present here as announced the computations for the l.h.s.
of equations (29) — (32). We denote

m(T) = / TouD)e /7T,
0

and do not write anymore the dependence w.r.t. € of the various considered terms.
In the formalism of [20], [18], the term n;(7T")/q;(T") appearing in (40) corresponds
to the average internal energy of i*" species. We first compute moments relations

for Maxwellian distributions:
(33) Vi=1,..., A, MD m, dv =m; n™,
R3

(34) Vi=A+1,...,A+ B, / M9 m; oy (I) dIdv = m; n®,
R3 JRy

(35) Vi=1,...,A, MO my; v dv = m; n® uy,
RS

o) vi—A+lo.A+B [ [ MO muendldo = min® .
R JR,

(37) Vi=1,...,A, MDD my; v v do = my n™ ug ug + 0D T 6,
]RS

(38)

Vi=A+1,...,A+B, / M(i)mivkvlcpi([)dldv:min(i)ukulJrn(i)T(;kl,
r3 JR,

o lul?

2
(39) Vi=1,..., A, MO, |”| dv = L30T
R3 2 2
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Vi=A+1,...,A+ B, // M(”< lof +I> (1) dIdv
R3 JR, 2

\ | n! { Ui(T)}
40 =mn DIZT 4+ ,
(40) 2 ¢ (T)
- G I S UL . ST
(41) Vi=1,...,A, MY m; vrdv = m; n? up + =n'" T uy,
- 2 2 2

2
Vi=A+1,...,A+ B, //M@)(mi'”u)vk%(f)dldv
R3 JR, 2

° 5., m(T)
42 — myn® 4 Dy |[5T+ 4.
(42) 5 ug +n 3 +qi(T)
Using identities (33) - (42), we get as announced the Euler system in conservative
form (up to terms of order €) (remember that we use for the components the
notation k =1,...,3):

(43) i=1,...,A+B,  8(min)+V, - (m;nu) = 0(e),
A+B A+B
(44) ( Z min uk> +Zaxl ( > min wpug +n >T5,d]> =0(e),
=1
A A+B 2
; |3 ni(T)
45) 0 n 12 | nt T] + man® 0 {T+ D
(45) (Z[ F a0 3 maty )
@ [ul? 5 (i)
+Z@zl Zmin 7ul+§n T w)
=1
A+B
)| | (@) 4 {5 m(ﬂ})_
+ u 4+ n T+ = 0(e).
D VA

These equations can be rewritten under the following non conservative form, which
is useful for the computation of the dissipative terms (of order ¢) appearing in the
Chapman-Enskog asymptotics:

(46) i=1,...,A+B, 909+ (u-Vy)n® +n v, . u=0(%),

S B e, (nDT)
(47) k=1,...,3, Opup + (u- Vi )up + Zi‘ﬁB;nm“) = 0(e),
(48) WT 4+ (u- V)T +2MT)T Vg -u=Oe),
with
A+B ()
. n
(49) A(T) = 2=

Vi .
A+B A+B ; ;
3 ZF‘“ nl) +2 Z -er+1 n() (;’J) (T)

3.3. Navier-Stokes system. In this subsection, we provide the dissipative terms
(viscosity, Soret and Dufour terms, etc.) of order ¢ which are typical of the
Chapman-Enskog asymptotics.
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3.3.1. Computation of the Lh.s of the linear equations (27), (28). We start with
the computation of the quantity

(M(i))—l [atM(i) +o- VwM(i)],
which appears in the Lh.s. of (27), (28):

) ) ) (@) !
(M(l))—l [8tM(Z) “F'UVIM(,L)] — |:atn _ <3+T1qu(T)> M]

n() 2 a(T)) T
V,n 3 ¢(T)\ V.T
T { FUISS <2+mTqi(T)> . }
V,n® 3 a(T)\ V. T my; m;
+(v—u)- { O (2 TiTqi(T)> T +T8tu+T(u-V$)u}
m;
0D ok — up) (v — w) 7 O
kol
m; 0T V.T
—|—<? "U—u|2-|—ri]'> (;12 + - T3 )
My w0 (o= ) 2L
+< 5 |v — ul —&—rlI) (v—u) T -
Using identities (46) — (48), we get
(50) (M(i))—l [atM(i) Fu- va(i)]
e (S IR | e
VT n(® Z;‘;B m;j n() ZfilB m;n) ) VT

JrP(v—u) .m_<Vzu+VmuT>
vT ) 2

+ (”; v — ul? <1 - A(T)) ) % ri A(T) + 2 <3 T qg(T)) A(T) — 1) (V1)

3 2 @ (T)
m; v —ul? I <5 q’»(T)>) v—u VT
+ | = +ri=—|-+nrnT= : ,
( o1 "t """ um)) VT T

with )
Pv)=v®v-— 3 |v|? Id.

We now wish to point out the specificities of the formulas above. First, the

term in P (”\7%) is identical to the same term in the case of one monoatomic

v—Uu

gas. The term in \/_T in the second term of identity (50) is typical of mixtures,

it does not appear when only one gas is considered. The term involving V, - u
appears only when at least one polyatomic gas is part of the mixture (since in a
mixture of monoatomic gase, one has A(T) = 1). Finally, the last term has a
shape which depends on the monoatomic or polyatomic character of the species

i. When i € {1,..., A}, we recover the usual term (sometimes denoted by Q)

2
(% Iv—TuI _ %) 7 typical of monoatomic gases.
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3.3.2. Orthogonality properties. In order to solve the linear system (27), (28) taking
into account (50), we need to use orthogonality properties.

We first define the scalar product (for functions k',... k4 ; 11, ... 14 of V, and
for functions kA+1 .. kAT [ATL | [ATB of V).

\vz

kD AR (A+B)y ()/ e ™ EOQ WYV IO VYAV
(WD, k48] Zn [ o KOO

A+B (m; ‘V‘ +J) . . To:(JT
.S ()/ / KO, ) 1Ow, 1) T2 D gy
R3

S (2w /my)3/% a:(T)

We then introduce the following families (indexed by i = 1,..., A + B) (we

also indicate the dependencies w.r.t. the components p = 1,...,3, and sometimes
g=1,...,3):
P,p,q
kq Ppg(V) my
kifé’ Ppy(V)maytp
le,p Vi (% V2+7"1J—(%+7“1T31g§)>
Qp m ' (1)
kAYes Vp (% V2traypd — (S +rarsT Ziii(T) ))
k" sp) Vi
W, A+B
kA+pB 51(7 o Vi

for all family (s(i))ie{LfHB} € R3 such that for any p € {1,...,3},

(51) Sz(>1) n® 4.+ séA+B) nAtB) =,
and
|P miV2 (3 = AT)) =2 JAT)+ (B +2r T qlg; YA(T) —1
R . i
kiip marpV2(E = ANT)) = 2ra1p JAT) + (3+2raspnT Zﬁ*i&; YA(T) — 1

where A(T') has been defined in (49). One can check that in these families, the first

A components only depend on V' (and not on J). Note also that the families k‘ZQ P
and kP depend on T.
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We finally introduce the following families (indexed by ¢ = 1,..., A + B) (for
z=1,...,3,j=1,...,A+ B):

Aj
I 0
0
. 0
Aj _
=11,
. 0
A
lA+B 0
19 my Vs
= b
17, mat+B Ve
2
Z{E mq VT +rJ
E V2
Uivp ma+p 5 +ratpJ

One can check that the subspace

Vect(KPP0) =y avp, (9P)ic1. avn, (KVP)ic1 arm, (kP)iz1 atB)

is orthogonal to the subspace
Vect((1%7)iz1,...a18, 1V%)iz1,.. a4, (1F)iz1,...a4B)

(for the scalar product (| }).

In the case of kP9, it is a direct consequence of the oddness properties and of
changes of variables of the type (V1, Va2, V3) — (V4, V3, Va).

For k9P and kP, the properties of evenness enable to consider only [Y"*, and
for p = z only. This last case can be treated by a direct computation.

Finally for £, one needs to perform a direct computation for {®+ and (¥, the
case of [U"* being treated by evenness properties.

We observe that the operator
A Zj n) Klj(h(l), h())
K: ’ — ‘
}(A+B) ) Ky 5 (RATE) )
is symmetric w.r.t. the scalar product (| ), so that (admitting that it satisfies

Fredholm’s property, which we do here since we work at the formal level), its image
is the orthogonal of its kernel.

We refer to [7], [12] and [9] for the Fredholm property in the case of a mixture
of monoatomic gases (with the same or different masses).

The kernel of K can easily be found (provided that all cross sections B;; are
strictly positive). We refer for this to a computation done in [16].
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It is constituted of

Aj U,z E
1 51 Iy

, j=1...A+B, ' , z=1...3
\J s E
2l Ly iy

The families (kFP+9, k9P kWP kP) belong to the image of K, so that it is possible
to find points such that their image by K is one of the functions of the concerned
families. Moreover such a point is unique if we also impose that it belongs to the
orthogonal of the kernel of K.

In other words, for all family of tridimensional vectors sV, ..., s(A4T5) such that
the relation (51) is satisfied, we can find the functions
h‘(s?lglj[./tqs(AJrB)? h(i),P,p,q’ h’(i)’Dv h’(i)’va i = 17 s 7A + B7 P, 9= 1... 37

which depend on V fori =1,...,Aandon V,J fori = A+1,..., A+ B, satisfying
the linear integral equations

(1),W _ .(0),W
K(hs(l) ,s(A+B) =1, A+B) k’L s(1),...,s(A+B); j=1,... A+ B’

.....

IC( ) P’:D’q ) PP q A
)=

’C( LA+B
/C(h( i), Qm

i=1,.

LA+B>

_ P
_kzz 1,...,A+B>

+B)
and (with a generic notation, that is for A(*) = p(9):Pp.a h( 9, Q’pA+B, h(()l)w’p(MB) 1, A4’

hE;l A+ ), the orthogonality relations:

o, 12
e J 2

ena
R3 (27T/m)

j=A+1,...,A+ B, / / h(j)(V,J)cpj(JT)dVdJ:O,
R

W (V)dV =0,

[

\5

s 27r/m] (27 /m;)3/2

W [ M m; Vi
an / 27T/mz)3/2 ) ( m V2 )V

]R3 i 9

A+4B \V\

, Vi T (JT) 0
(i) 0] Mg Yk 2o L) _
M Z " / /Rs (27 /m;) 3/2 (V. J) ( m; \v2| +J ) ai(T) vl ( 0 )

i=A+1

3.3.3. Galilean invariance and computation of g). We now notice that thanks to
the Galilean invariance (18), we can write (cf. [15]) for ¢ = 1,..., A (we do not
explicitly write the components):

WOEV) = ROV PV),  BOCV) = ROV Y, RO (V) = ROP(V)),
and fori=A+1,...,A+ B:
RO, J) ROP(V, ) PV), RSV, ) =hD9(V],J)V,
ROL(v, . J) = RDP(|V], ).
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Thanks to (27), (28), and the computations (50), we see that the previous defi-
nitions lead to the following formula for ¢(*:

50 =LA @OV =R v s (TET)

v, T
HROPAVD) Vo ut KOGV Y -+ VTR carm (V).

(53)

i=A+1...A+B gV VT +u,JT)=hOT(V],.J)P(V): <VU+2VU)

- =0 V.T i),
HROLVL, ) Vo ut ROV Y 4 VT O saem (V)
with
54 (Z) an(z) m; ZA+B 1 ) my ZA+B n(J V’I‘T
(54) s = n® ZA+1B m; () < Z;‘"’lB mjn (J)> T

Remark that the terms (sV);c(1,445) satisfy the relation (51).

3.3.4. Computation of the dissipative terms. We can then make explicit the com-
putation of the diffusion terms in the Chapman-Enskog expansion, that is the
quantities appearing as derivatives in the r.h.s of (29) — (32).

We begin by considering, fori=1,...,Aand k=1,...,3:
D,(:) = MD g@ ;v do.
R3
Hence by using a change of variables, we get
V|2

A
D = @ [ " o v.T
=vT h VhV - Vi dV
k \/>n /R"’ (27r/mi)3/2 (| |) \/T m; Vi,

V)2

+VT n® /3 (72 RO scarm (V) VT m; Vi dV.
R

21 /m;)3/2 s
Hence according to eveness properties, it comes that

V|2
_ , S V|
DO _ @ / e e (VLY pegyg 1
BT e (2m)3 vmi) ‘

o 1vi?
mi—s

. e i
(55) T [ : OV o (V) Vi V.

o fm)3/2 s

In the same way, fori = A+1,..., A+ Band k=1,...,3:

) +oo o
DY = / / M g vy ;(I) dodI
R3

V|2

+oo -3 1% % JT
_n(z)/ / — h(z)Q( V] J) v 8T b ire. T
R3 27T (27)3/2 VA% QZ(T)

oo ity (JT)
Tn® m; h(’)W 2ilIT) vra
(56) +T n'" m, / /R3 G/ 3/2 N S(MB)(V,J)V/@ ) VdJ
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In the previous relation, the term h((l) LsAtB) depends on a linear combination

of the terms s, i € {1; A+ B} defined in (54). Hence, we recover in this way the
interspecies diffusion terms (Fick) and the terms corresponding to the Soret effect.

We then compute for k,l=1,...,3,

A+B
Fyy = / MD ¢ v v do + Z / M(i)g(i)mivkvlwi(f)dvdl.
i=A+1
By using again a change of variable, it holds that
V|2
e i3 Vaeu+ Vau
F) Tn® [ —— 1% = \m; Vi idV
El = Z n /Rj(Qﬁ/m)g/z (| NPV): < 9 >m EVi

=1
A+B

Vou+ VuT ©i(JT)
e ()P Vout Vaul avd
+ 3 Tn / /R Wm o (VL) P ( s )kaVl e dval
1=A+1

)2
—m, 2

(i) e (i),D .
+ZTn /R 27r/m)3/2h (V) Vg - um; Vi VidV

= b (i),D ei(JT)
T R . i ! dvdJ.
Jrl;l n( / /R3 @ Jm)e2 (IV],J) Vg -um; Vi V) (D) VdJ.

Then according to evenness properties and the fact that for any function a :=
a([V)),
V) (Vi = VEVDaY =2 [ av)vEviav,

R3 R3
we get
4
F = e (] vitdv
m@w@wz@aw
A+B _
/ / SAON ( ) ya £iUIT) dw)
i= A+1 re (27) 3/2 4(T)
X{W lvz uld]
2 3 &l

A \
. - 1%
TV, ud E (l)/ e R@,D | 2 av
+TV,-u kl(}_ n ” (27T)3/2 \/ﬁz V1

SRS SECY oy ey T QR EFEICAREN

i=A+1

so that viscosity terms are recovered.

We finally compute (for k =1,...,3)

A A+B 2
szz M(l)g(l mz—vkdm— Z / M(z (1) (miw2|—|-l) vk i (I) dvdlI.
i=1 i=A+1
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Hence by using a change of variable, we obtain for k =1,...,3
|vw2
e e
Gp=T O gV Vi, dV
"o ‘FZ” /R @2n/my)2 Y WV VT +uym; G
A+B ,v2 |V|2
(2)
+T\FZ§A:+1n / /3 @ gDV VT +u JT)[ 5 +J]

i (JT)
x Vi avdJ.
" q(T)

Therefore, by using the expression of ¢ (cf. (52) and (53)) and evenness proper-
ties, we get

G E:F T E: 10:Q i i vZavilao. T
k= kiU + { 3/2 ! ( l) N 2d } i,

m; ]R?’

w e o (V] 14k
+T{ — / /R T h(’)’Q <WJ> < 5 +J> Vfg),»(JT)dVdJ}aka

1=A+1

V|2

7 e~ Mmi —3 i |V|2
{Zn( /RS (27 /m;)3/2 h§<)1) Lsarm (V)m Vi dV}

= - @ V|2
#1310 [ [ o rmray M e 05 i ]

1=A+1

(58) x Vi pi(JT) dVdJ }

In the previous relation, the terms hii)l)w

sat+m) contain a linear combination
of the gradients of the concentrations. Hence, this final computation shows the
dissipative terms corresponding to the (Fourier) diffusion of temperature, and those

related to the Dufour effect.

We finally write down the system (29) — (32) in the following semi-explicit form
(neglecting the O(g?) terms):

(59) A (min) +V, - (mynWu) = —eV, - DO,
(60)
A+B A+B
(‘3t< Z m; n® uk) + Z O, ( Z [m; n® uyuy 4+ n® T(Skl]) = —EZ Ou, Fri,
i=1 1 i=1 !
) [ R .
(61) 6t<2[min(l) 5 T+ Z m;n® n(? T])
i=1 i=A+1
@l L5 e S o 11l (i
+Zam Z[m,n U +§n T w] + Z [m;n 5 ul+2n T w)
l i=1 i=A+1
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In those equations, the terms D), Fjy and G are given by formulas (55), (56),
(57) and (58) in terms of the functions h()-@ R)W REF and p)-P

4. EXPLICIT COMPUTATIONS IN THE CASE OF CONSTANT CROSS SECTIONS

The quantities h(") which appear in the definition of ¢ and therefore in the
dissipative quantities D,(;), Fy; and Gy (which are part of the Navier-Stokes system
of compressible monoatomic and polyatomic gas mixtures) cannot in general be
explicitly computed.

As in the case of a single monotaomic gas, it is however possible to compute
them when the cross sections (here denoted by B;;) appearing in the collision
operators @);; are very simple. Therefore, in this section, we shall systematically
use the assumption that B;; is constant (and B;; = Bj;). Moreover, in order to be
coherent with the fact that in the air, the main polyatomic species (that is, Oy and
N) are in fact diatomic, we also shall assume that for allé = A+1,..., A+ B, one
has ¢;(I) = 1, so that one also has ¢;(T) = T.

The next four subsections are respectively devoted to the computation of A",
hP, kP and h®Q. Then, subsection 4.5 contains the computation of D( ) Fyy and Gy,
starting from the values obtained for K", h* | h” and hQ. In the procedure, use will
be made of integrals reported in the Appendix. These computations will be really
long but, even if some points could be easily recovered from the results for general
kernels presented in the previous section, we prefer to derive all coefficients till the
very end. Indeed, any numerical code for a mixture of monatomic and polyatomic
gases needs to be tested on cases in which all is explicit, before being used in
physics or engineering applications mentioned in the Introduction, and a complete
Navier—Stokes hydrodynamics from kinetic models in the case of monoatomic and
polyatomic mixtures is still lacking in the literature.

4.1. Computation of h"Y. We begin by computing for all 7,5 = 1,..., A+ B the
quantity
(4)

Kij(’Ul—>W1(i) mi’Ul,’UHW mjvl),
where Wl(i), Wl(j ) € R are constants.
Fori=1,...,4,j7=1,... A,

) e Il
K”(’U'—)I/Vl m; v1,v = W mgu)( /R3/52 @ /my) 3/2

mi+mj mi+mj

(3) mi V1 + 1My V1 m;
+WiY m; + |v —vi| o
m; +m; m; +m;

*mj Wl(j) Vix — My Wl(z) '01:| Bij do d’U*

= Bij pij (W(j) Wl(l)) U1
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Fori=1,....,A, j=A+1,...,A+ B,

o lva?— L.
K”(U»—>W1()mzvl,v»—>Wl( m; v)( /11@/ /52/ @rjmy) 3/2

S [ : . ORE
g {mjwfj) (m T 01)
m; +m; m; +m; hij
; ; P U1s ; 2RE
o, W1(Z) (mz v +mj v n m; 01)
mi +m; mi g\ i

—m; Wl(j) Vs — My Wl(i) 111] RY?dR do dl, dv,

2 j i
= 3 Bij i WP —w)v,

Fori=A+1,...,A+B,j=1,...,A,

2 Joa?
() (7)
Klj ('U = Wl m; U1,V — Wl mj Ul) U, I /]RS /Sg / W
x [mj W (mi wtmiv. mi [2RE 01)
m; +m; mi +mj o\l fij
; ; U1k ; 2RE
+m; Wl( ) (m LR + Ul)
m; + m; mi +my; \ i

—m; W vy, —m; WY vl] Bi; R? dR do dv,

2
= 3 Bij iy (W = W)y

Fori=A+1,...,A+B,j=A+1,...,A+B,

_7|1)*| —1I,
(4) (4)
Kij(v = Wi mivr, v = Wi mjvn)( /RS/ /52/ / (21 /my)3/2

o (M : ; 2RE
g [mj wy <ml e 01)
m; +m; mi +my o\ i
. ) V1 . 2RE
+m W <ml L LR Ul)
m; + m; m; + m; i

—m; W vy, —m WP vl} Bij (1 — R) RY? dR dr do dI. dv,

4 ; ;
= 15 Bis 1 W —wi)
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‘We define then

B;; if ,j=1,..., A,
s 2Bi; if i=1,...,A,j=A+1,...,A+ B,
Bij =4 5 . ‘ ‘
£Bij if i=A+1,...,A+B,j=1,..., A,
%+ Bij if i=A+1,...,A+B,j=A+1,..., A+ B.
The problem
K(hi<)1>ljl./..,s<A+B>;i:1 ..... A+B) = ki;w;(l),...,s(MB);i:l,...,A-s-B

with
)2

. efmj 2 i, W
J=1,, A, /R ErI e WY e (V) AV =0,
J

w2y
. e 3
j=4+L..,4+5, /]RS / (27r/m»)3/2 h({z)w (A+B)(V, J)dvdJ =0,
J

zn/

R

o—mi w2
7

- )W m; Vi
3 27T/m) hi()l),,..7S(A+B)(V) < mi@ ) dv

A+B [v]2

—mg 2
() ‘ @OW m; Vi (0
+ Z ’ /]1%3/ 27r/m 3/2 hs“),‘-,s(“‘*B)(V’ J) ( ms V]2 +J > avdJ = ( 0 /)’

i=A+1 i 5
becomes, after exchanging the variable 1 with any of the variables p,

h§<)1>w warm (V) =m; WV, i=1,...,A,

.....

hff(h 5(A+B)(‘/?J):mlw(l)‘/7 Z:A+1aaA+Bv

where the tridimensional constants W must satisfy the system
A+B
Z ) Bij 113 WO —w®y =50,
j=1
A+B

Z m; n®@ W@ =0
i=1

Note that the first part of the system only contains A+ B—1 independant equations.
It can be solved only under the constraint ZA+B () 5() = 0.

We finish the computation by noticing that in the special case of a mixture of
two gases, the system above can be solved very easily (remember that Bis = Baj):

W = mys®
(m1n™ +man®) Bio pugs’
Ww® — —ms®
(m1n® +man®@) Byo 1’
with
RO V,nM B my(Ven 4+ V,n(?) < B my(n 4 n(2) ) V.T
n) min() + mon(2) myn) + mon(2) T’

2) V,n® B ma(Ven + Von?) <1 B ma(n®) + n(2) ) va'

n(2) myn) + mon(? myn) + mon(2) T
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4.2. Computation of h”. The computation of h” follows the same lines as the
computation of AW .

We start with the nondiagonal part of the tensor. For the sake of simplicity, we
consider the case with components p = 1,q = 2, the other ones being obtained by
an immediate change of indices.

Fori=A+1,,...,A+B,j=A+1,...,A+ B, and HSQ), H(j) real constants,
(i o) e lo-P 1
Kij(v = m; I1}5 v1 va, v — my I vg va)( . . @r/my) G im )
; i U1 i 2RFE
" {mj H(1J2) (m Uit mive  m 01)
mi + my mi +my \[ i
<mi Vg -l—mj V2x m; 2RFE >
X — g9
m; +m; m; +my \[ i
+m, 1Y) (m Ot 01)
m; +mj m; +mj Nij
% <ml V2 +mj Vox + m; 2RFE 02>
mi + m; mi +m; ij

—m; 1) v, vgy — m; T 0y vz} Bi; (1 — R)RY?dR dr do dlI, dv,

].5 g mj m;

In the same way, fori=1,... A, j=1,..., A,

Z. | 0o _om®
Kij(v e m; T59 01 v, 0 0 my T 01 02)(v) = By i, (1212 - nf) vy v,

fori=1,...,A,j=A+1,..., A+ B,
; , 9 Y (ONE (O
Kij (v m; T vy va, 00 my T 1 0) (0) = 3 Bij 13 (mmjm—nij) v1 v,
fori=A+1,...,A+B,j=1,..., A
Kij(v—=my H(lg) V1 V2,V — My Hg) vy v2) (v, I) = Blj ufj <12murr12) V1 Vs,
J i

Finally, with the notations of the previous paragraph, for : = 1,..., A+ B, j =
.,A+ B,

s . _ H(]) _ 2H(Z) H(Z)
Kij(v—>my HgQ) V1 V2, U — M H(1]2) V1 v2) = Byj ,u?j <12m12 - 77”102> V1 V2.
7 %

We now turn to diagonal coefficients.
Fori=A+1,...,A+B,j=A+1,...,A+ B, and H%, H(l) real constants,
2 5

K;j (U =y Hﬁ) [Svi—

1 N2 1 1
3 fvg],vajH%)[fvf— v —v2>(v,l)

12 2
37273 3 3v2 ~ 3]

LI L e
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2
) 2\m;v + M5 Vs m; 2RE
X m; Hll - - 01
3 m; + m; m; + m; Hij
2
1 m; U2+mj Vox my; 2REO’
-5 - 2
3 m; +m; m; +m; Hij
1 M V3 + M U3 QREO'
-5 - 3
3 m; + m; m; —|— m; Hij

+m21_[§11 ( m; v1 +m; vl* 2RE
m; +m; m, —&—m] Mij
1 m;v2 +m; ”Ug* 2RE
m; +m; mz —|—mJ Hij
1 mivg—l—mjvg* 2RE
m; + m; mz—|—m] i

N (2 1 1 1 1

—my; H%) <3 |o1.]? — 3 |02 |* — 3 |U3*|2> my Hl ( Jor]* - 3 [oal® ~ 3 |U?’2>}
x Bi; (1 — R) RY*dRdr do dI, dv..

4 2 (H%) — 2HI(LZ2) _ 1_[§Z2)> [g 2 1 2 1 2]

— By 1 — 2 Sl
15 i His m; m; )31 327 3"
In the same way, fori=1,..., A4, j=1,..., A,
2 1 1 N2 1 1
Kij(“'_)mingf[:&”%—?)vg—3U§]7U'—>mjngj1)[31)%—37}%—303])(”)
H(j) _ QH(i) H(i) 9 1 1
fori=1,...,A,j=A+1,..., A+ B,
2 1 1 N 1 1
Kij<UHmiH§1)[3U%—3US—305]7UHmJH§]1)[3U%—3U§—3U:>2,])(U)
2 o —om')  my 2 1 1
:SBijU?j(12”1_12_”,1_2)[3”%_3'0%_3”%}7
J i
fori=A+1,...,A+B,j=1,..., A,

D2 1 1 o2 1 1
Kij<UHmiH§1)[3U%—3US—3U§]7U'—>mjngj1)[3vf—3vg—31)32)])(”»[)
2 o) —oml)  ml)y 2 1 1
= 3 Bty (PR - TRVt - pod - ol
J 7

Finally, fori=1,..., A+ B, j=1,...,A+ B,

D2 1 1 N2 1 1
Kij<UHmiH§f[3U%—3U§—3U§]7U'—>mjngj1)[3vf—311%—3“92)])(%1)
= Bty (P - T ) et - ek gl
j T
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The problem
\D, P,p,
]C(h’z(:) . p,g\—i-B) = ki;f:%,...,A-}-B
with
V2

e ™Mi =2 .
i=1,...,A 7h(7)’P’p"1VdV:O
D (Vyav =0,

e ]#—J
i=A+1,....A+ B — SR TR VA AW A V) |
.7 + b) b + bl /RB,/ (27[—/m‘7)3/2 ( b ) b)

|v|2

i (7,) / e ™Mi 3 h(") qu(V) m; Vk dV
T 7 ~a/o R 2
RS (27T/m )3/2 m; W)

(2

A+B

(i) (i)Pp.q M Yk _
3w /R/ 27r/m 3/2h (VJ)(miM +J>dVdJ (0)

1=A+1 2
becomes

hOPra(y) = m, Il PI(V),  i=1,...,A,
p)Ppa(y, J) =m0 P{(V), i=A+1,...,A+B,
where the constants H ) have to satisfy the system

A+B () () 1
S0 By (HM_QHM _ Hpq) —m,.

m; m;

We obtain as announced that the coefficients H ¢ depend on ¢ but not on p,q
(we denote them by I1(M). Using the Galilean mvarlance, we get h)P(V) =
ROP(V]) P(V]), with

ROP(V)y =m, IV, i=1,... A4,
ROPGV Ty =m T, i=A41,...,A+B.
4.3. Computation of h”. We recall that we consider here a mixture of monoatomic

and diatomic gases, so that p;(I) =1fori = A+1,..., A+ B. Then, the quantity
A(T) defined in (49) simplifies very much, and turns out to be independent of T":

Z{‘HB ()
(62) A= A+B ) A+B (5 )
320 n) +2 570 b

Note that for a completely monoatomic mixture, A = %, while for a completely
diatomic mixture, A = %

We have to solve the problem
(63) K(hz('i:)i[,?..,A+B) = Zn(j) Kij(h(i)’Da h(j)’D) = ki[;)izl,..‘,AJer

J
where
1
ims,arn = mlVE =3) (3 = A) -2 A0 - ),

with
V)2

T e ™ (4)s _
=1 A /Rs(%/mm/?h D(VYdv =0,
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v

OO@ 727‘].
i=A+1,....A+B RPN dVd] =0

A IV\

—mg

. m; Vi
(i) (i),D mi Vi
Zn / (Qﬂ/mz)ia/z R (V) < m; |V2\ > av

1=1
hD (v, ik AVdJ = .
/]R's/ 27r/m 3/2 ( J)< m; 1) +J) e 0

Note that among the orthogonality relations, the one related to mass and mo-
mentum can be checked immediately. Only the orthogonality related to total energy
is not immediately seen, we therefore explicitly check it:

A+B

i= A+1

lv|?
e—m,', = |V|2

A+B

+ 3 a0 // Qﬂ/ 23/2 (ms|V[2— 3)((5}-/\) —2A(J— 1))( |V2|2 +J)dVdJ =

i=A+1
A direct computation of the left-hand side gives

A A+B

N (1 15 9 15 9 /1

@O (Z-A) (=== n® =)[=—=A)—-2A).

Z” (3 >(2 Pt 2 ((2 2)<3 ) )
i=1 1=A+1

So the left-hand side gives

A " 1 A+B " 1
;n 3(3—A)+ Z n (3(3—A)—2A>

i=A+1
A+B A+B A+B
(64) =) b —3AZ M —20 )" n=0.
=1 i=A+1

Here the last term is equal to 0 because of the definition of A provided in (62).

In each computation of this subsection, the objective will be to try to cast the
final results as a proper combination of m;|v|?> —3 and I — 1. We will skip a lot
of intermediate steps, which repeat the line of computing adopted in the previous
paragraphs, and that may be recovered using the integrals reported in the Appen-
dix.

e Fori=1,...,Aand j=1,..., A we get
B Ky (v AQ(mifo =3), v AD (mylof? - 3)) (v) =

m\ 3/2 , m;v + m;v m;
:/ / (#) e—smilvs® | AG) {mj iU+ MO L |y v,lo
R3 JS2 ™

m; + m; m; + m;
() MU + MUy m;
+ AW m; + |v — vi|o
m; + m; m; + m;

g

2
— 3} — A (my|v.|? - 3)

—AD (m|v]? — 3)] do dv, = M(AU) — ADY(my|w]? = 3).
m; +m;

0.
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e Fori=1,...,Aandj=A+1,...,A+ B we get
B;'K,; (U = AD (o2 —3),  (v,1) —~ AD (mylo]? — 3) + AU(I — 1)) (v) =

2
1
:/ / /00/ (ﬁ)S/Ze*%mJ‘”*P*I* A(]) m; mi’U-ij’U* _ m; 2REO’
r3 Js2 Jo 0 2T m; +m; m; +m; Mij
2
m;v + M ;v n m;j 2RE .
mi 4 m; mi Mg\ i

— A (mylv,? = 3) — AL, — 1) — AD (o) — 3)] VRARdI, do dv.

+ A1 =RE-1)+AD {m, -3

_2mi (A _8mi +AD ) (myfo]? - 3)
15 m; + m; m; + m;

. 4 m; 1
AD (= 9 4+ Zmy i|v]? = 3).
+ [ 3 (my 4 10,)? <m + z m]>] (m;|v] 3)

e Fori=A+1,..., A+ Bandj=1,...,A we get
B Ky ((0,1) = Aol = 3) + AT~ 1), v s A (myfo? ~3)) (0, 1) =

1
:/ / / (ﬁ)g/ze—%mﬂv*ﬁ AL m; miv +m;vy m; ZREU
R3Js2 Jo 21 mﬂrmj mierj ,uij

—335+AD[(1 - RE —1]

2

MV + MUy m; 2RE
mi +m; mi + Mg\ i

+AD & m,

- Ayl - 3) = AOm(of - 3) - A9 - 1) | VRdR o dv.

: 16 i 4 7
= A | 22 o —8) 4 - — (1)
15 m; + m; 5 m; +m;

2 M (g A0 R (gfuP—3)4 2 (AO 2T A6 (1-1),
15 m; +m; m; +m; 5 m; +my;

e Fori=A+1,..., A+ Bandj=A+1,...,A+ B we get
B K, ((v,]) s AD (o2 = 3) + ADT — 1), (v, 1) = AD (mv]? — 3) + AD(T — 1)) (v,1) =

2
:/ / /oo /1 /1 (ﬂ)?)/Qe*%mj‘”*E*I* A(]) . mi’0+m]‘1}* B m; QREO’
r3 Js2 Jo o Jo \2m J mi + m; m; + m; i

2
_ . , 0, - [2RE
—3}+A(J)[(1—7‘)(1—R)E—1]+A(z) mi ‘sz—Fm]U n m; R o
mierj mierj ,LLij

-3
+ AD[r(1=R)E—-1]—AY) (m;]v,]2—3)— AU (I, 1)A<i>mi(|v|23)£<i>(11)]

x(1 — R)VRdARdrdl, do dv.



28 C. BARANGER, M. BISI, S. BRULL, AND L. DESVILLETTES

4 mj . ]. ~
S 2AD m; + = AW (m; . i) —
21 (m; +m;)? < m; + 5 (mi +my) | (msfo]” = 3)
8 ; m; 1~
2 (A T L 2 AD Y121
4 mj . 4 ~
—— 9 A 2m;+ —m; | — = AD(m;, . i|v]? —
15 (m; +m;)? [ ( mi+ 7mJ) 7 (mi +my)| (mafv]” = 3)
LA (20 M LRe) o,
7\5 mi—l-mj 3

In conclusion, system (63) may be rewritten as :

-fori=1,..., A,
A
Zgn(j) By — i (AG) _ A
: sz‘-i-m»
j=1 /
(65) Axl 16 m m
65 () 20 my i AG) L2 A
+ Bij { AW 4 A
3;5-1 J 15 m; +my; m; +my 15m2—|—mj
CAmglmi+gmy) (o) 1,
3 (mi—ij')Q 3 ’
-fori=A+1,..., A+ B,
(66)
Z” 6 my sy A_my dmitmy e 2 M R
15 m; +m; 15m; +m; m; +m; 15m; +m;
A+B 4
S (y)B”{ _mmi A M R Ami@mitim)
P 21 (m; +m;)? 105 m; +m; 15 (m; +m;)?
y A2 om xol_L oy,
105ml+m] 3 ’
(67)
Zn(”Bw domi M a0 236
S5 m; +my 5m1—|—mj 5
Jj=1
A+B
+ S w9 By, S _mi Ay B8R 8 ™M Ao _Axol_ _gp
Pl I35 m; +m; 105 35m; +m; 21

We can note that a suitable combination of the right hand sides of the system
(65)—(67) vanishes, as proved in (64), which shows the orthogonality condition with
respect to the energy. We can check that the same linear combination vanishes
even when we consider the left hand sides of the equations (65)—(67), yielding that
one of these A + 2B equations is redundant.

Indeed, if we denote by T}, Y?, T3 the left hand sides of the i—th equation in
(65), (66), (67), respectively, we have

A+B A+B

Zgn()T1+ Z 3l )T2+ Z (i)ng

1=A+1 1=A+1
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mi+mj

A A 2 10
=53 30000 By His (A6 — ALy
i=1 j=1

2 E 16 my m; m;  ~ 4m;(m; + +m;
+>°0 3 3B { j i AG) 4 AA(j)_,;S;A
i=1j=A+1 15m1+m] ml+m] 15m1+m] 3 (ml-&—m])

A+B A
©S s gy [0 Mz A my ity g, 2 m gm}
i=A+1j=1 15m; +m; 15 mi 4mj m; +m; 15m; +my
A+B A4B 8 — A . -
LYY sl w{ _mimg Gy, A ™M XG)
Py it 21 (m; +mj)? 105 m; +m;
4 w Wy 4 m R
A+B A 4 A ‘ -
£ Y S a0l B, { _mi AG) | A(w_A(z')}
i=A+1 j=1 5m+mj 5mz+m] 5
A+B A+B
8 m 8 8 ms; ) 4 ~,.
@y, iAG) L S A6 4 2 I A@O _ ZA@ L
F 30 S nOn0 {0 AV A

i=A+1j=A+1
Let us study these sums separately. As concerns the term relevant toi =1,..., A,
j:17...,Awehave

ZZgn()n(J)B _ i (AG) Z ADY = g

m; +m;
i=1 j=1
simply because it changes sign if we exchange the two indices i <> j. Analogous
arguments allow to prove that also the sums relevant to i = A+ 1,..., 4 + B,
j=A+1,..., A+ B vanish:
A+B A+B 4
S Y 30000 B, { mimy gy A my Rz
i=A+1 j=A+1 21 (mz+mj) 105mz+m]
4 m;(2m; + mJ)A() 4 X0
15 (m; + mj)2 105 m; + m;
A+B  A+B 3 8 8 m. 4~
LYY a0l B, { N . BN C B B SN A(i)}
Pyt 35 my —l—m] 105 35 m,; +m; 21
A+B A+B 4 A
=YY 3000 B, { _mimy ae A ™ R
i=A+1j=A+1 21 (mﬁ-m]) 105mz+m]
4 mi(2m; + mZ)A(J) 4+ 4 AW
15 (my +my)? 105 m; + m;
o 8 m 8 m 4
_ T AG A 4 2 T AG) 2 AG)
+ Z Z {35m1—|—m] +105 35m2+mj 21

i=A+1j=A+1
A+B A+B

- AL 8 16 8 8
5 nY) B; { { . 2 o , 8
n( ij ‘ ~ mim,; m; + oom; (m; +m;) + cmym;

i=A+1j=A+1 (m; +my) 5 35 35 7
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AW) 8 8 8 16
3 | 77mm; + gmi(mi +m;j) — F MMy = Zom;

(ml +m]):| + 35 7

8
—m -
35 J (m, + m]‘)

L8 (i + )+Al>+AU> 4 (8 4 (i + )+4 0
m;(m; +m; — | =My — — — | (m; +my —m; =0.
35 ’ m;+m; |35 7 \105 21 7735

Finally, as concerns the remaining sums involving monatomic and diatomic species,
we exchange indices only in the sums relevant toi = A+1,..., A+ B, j=1,..., A:

A+B A
Myl 15m1+mj 15mi+mj m; +m; 15 m; +m;

A A+B

~Y Y 3a0a0) B, {16 M a4 mi 5mj+miA(j)+2m¢£(j)}

1] b
P ey wiY 15 m; +m; 15 m; +m; m; +m; 15 m; +m;

and

A+B A 4 4 9
Z Zn(i)n(ﬂ') Bij ,LA(J') + ,#A(i) _2A@ L
S5 m; +my S m; +m; 5

i=A+1 =1
A A+B 5
-3 Y a0 B {5 A 5'A(j>55<j>}.
i=1 j=A+1 m—i—mJ mi
Taking into account these results we get
A A+B ) ) 1, .
Y 3 300n) By {16 m; mi A<j>+2ma'g<j>4mﬂ(”“WA(i>}
P fyw 15 m; +mj; m; +m; 15 m; +m; 3 (m; +m;)?
A+B A
+ 3 S 3an) B {16 Pij Ay _A_my bmitmy o 2 my gm}
Pyl 15 m; +m; 15m; +my; m; +m; 15 m; +my
A+B A 4 9
On0) By AW - AD _ZAG L
£ 3 oy (S a0 a0
i=A+1 j=1

A A+B

AW 1 4 4
= Z Z @n) B, {2 {Gmimj —dmymj — —m? + —m;(m; + mj)}
iyl (ml + mj) 5 5 5

A® 4 16

AW T2 +2 2( ) .
=m; —-—m; — —\m; m; =
575 5 J

4
5mJ(m2 + m])

m; +m;
and this concludes our proof.

The solution of the problem (63) is therefore
h()D A+B(V):A(i)(milv‘2—3), i=1,..., A,

hOP V) = A0 V2 =3) + AD(J ~1),  i=A+1,...,A+B,

that, as expected from the Galilean invariance, depends on the vector V' only
through its modulus |V|; coefficients A, A(®) have to satisfy A 4+ 2B — 1 among
the equations (65)—(67).
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4.4. Computation of h%. We recall that we wish to solve the problem
(68) KADEP o p) = kS

where

LA+B>

1
k2P o oaep = §(mi|V|2 — 5V, +1i(J —1)V,.
We test for that the effect of K;; on combinations of [v|*v; and v;.
e Fori=1,...,Aandj=1,..., A we get
BZ-;IKij (v — Q(i)mi\v|201, v Q(j)mj|v|2v1) (v) =

) 2
.\ 3/2 ) )
m 12 , miv + m;v m;
= (—J> emzmilv T | QU | — = v — vi]o
R3 Jg2 \2m m; +m; m; +m;

2
" (mivl +mive my o — v*al) L QWm, miv + m;v, m; v — v.fo
m; +m; m; +m; m; +m; m; +m;
o (mwl + MV« m; = v*|01> _ Q(j)mj|v*|2vl* _ Q(i)mi|v%1} do dv,
my + mj my + mj
—Qmi §mz?n-|v|2vl +5 m2+m2—gm-m- v
(m;+mj)3 |3 ! 73
i m; 2 2, 4 2 1
+Q! )W {—mj <3mi +m? + Smimj> [v[*v1 4+ 10m; <mi = gmj) v1} .
From the computations relevant to A"V (see Subsection 4.1) we easily get:
. . 1 . .
-1 i 7
B Kij (U = QWuy, v Q(])’Ul) (v) = Py (miQ(]) —m;Q" ))’Ul.
Thus, combining the two previous results we finally get
B; 1K (v — QU )( o> =5)v, v Q(j)(mj|v|2 - 5)1}1) (v) =
=:{QV §m2 — QW (3m? + %m,-m' +m? L(mi\vﬁ —5)vy.
3 3T ) (m+my)3
e Fori=1,...,Aandj=A+1,...,A+ B we get
B;IKU (’U — Q(”mi|v|2vl, (v, 1) — Q(j)mj\v\zvl + Qv(j)lvl) (v) =
2
/ / / / 3/2 L.~ 1. QW miv +m;ve My 2RE
Rr3 Js2 J m; +m; m; +m; Mij
y mivL + m;vie 2RE j) (1-R)E mivL + M;vie m; 2RE o1
m; +m; m; —|— m; m; +m; m; +m; Wij
+QWm, m;v + mivs | 2RE m;v1 + 1M;v1« L 2RE o1
m; +m; mZ + m; m; +m; m; +m; Hij

— Q(j)mj|v*|2v1* — @(j)f*vl* — Q(i)miv|2v1} VRARAI, do dv,
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) m; 2 m? 1
— oW =z [2 5 } HG) 2 i = malol?
@ 3 (mi+m;)3 miimg v or+5 (mitmi )| +Q 3 (m; +m;)? 5m3‘vl V1t
) R
+QW gm[ (3m +2mm]—|—m)\v| v1—|—10mlvl}

From Subsection 4.1, we easily get
. . 92 1 , .
BIKy (v 5 QWyy, v val) () =3 o (miQm _ iju))vl
(and this allows to compute also K;; (v —0, v — @(j)vl) (v)). Thus, combin-
ing the results, we obtain

BiglKij (v = QW (mgv]* =5)v1, v Q(j)(mj|’u|2 —5)v; + QI — 1)v1> (v) =

2
mlm]

_ X i mj 1 ~.. 2 2

e Fori=A+1,...,A+Bandj=1,..., A, we get
Bi;IKZ-j ((U7I) = QWmylv|?v + QWIvy, v Q(j)mj|v|2v1> (v,I)=

R3 JS2.Jo 271' m; + m] m; + m]‘ ,UJz'j
y m;v1 + M;V1« miv + MV, m; 2RE
m; +m; m; + m; m; +my; m; +my; Hij

y m;v1 + mﬂ)l* 2RE Q(l )E miv1 + MU«
mi + m; mz—i—mj mi +m;

m; 2RE
mi ;| i

01> — QWmylv, [Pvr, — QWmy|v[*vy — @(i)fm] VR AR do dv,

— (37 =20 (]2

4 2 5
gmi(mi +m;) vy +2 (mf ~3 mim; + - 3 m2> vl}

: mM;m; 4 2 4 4
+QW m { <2m + 3 3 M +3 3 ™ ) [v]?vy + 3(mi +myj)Ivi + §(4mi - mj)m]
~) 2 1
+ Q(l)B CIETTAE [mfmj|v|21)1—(3 mZ+8mym;+5 m?)[vl-k(?) m;—2 mj)mim} .

From Subsection 4.1, we have

- ; ; 1
Bileij (v = QWvy, v Q(J)Ul) (v) =

% m; +m; (sz B ij(i))vl’

therefore

BiglKij (U = QW (ms|v]* = 5)vy + QYU —1Dvy, v Q(j)(mj|v|2 - 5)v1) (v, I)=
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2 . . 2 1 1 ~,.
= {3 QYW mi — QW (mf + 5 mim; + m?) + EQ(Z) m;(m; +mj)}

3 3
M
2 —2 —(my|v* -5
2 G T
+ 2Q(j)m2+2Q(i)m»m-—lé(i)(3m2+8mlm»—|—5m2¢) g;(I—l)vl
¢ 75 ! o 77 f 3 (m; +my)?

o Fori=A+1,....,A+Bandj=A+1,...,A+ B, we get

B Ky ((0.1) = QUmilofPor + QW Tvr, (0, 1) = QUVmglofPoy + QU Ivy ) (v, 1) =

e’} 1 1 :
:/// //(&)”%—émj\v*\z—h QU)m,
Rr3 Js2 Jo o Jo \2m

+@(j)(1—r)(1—R)E> (m tmgene i [2RE Ul>

m; + m; m; +m i\l g

2
+ Q(l)mz m;v —+ mjv* + m]‘ 2RE o
m; +m; m; +m;
o [ M + MUl 2RE
m; +m; ml + m;

m;v + m;vs m; 2RE
— g
m; + m]— m; + m]— ,ul-j

+QWr(1 - RE

= QWmyv. o1, = QY Lo, — QWmifv[*vy - Q“Ivl} R)VRdARdrdl. do dv.
QY ) 35 il gt (G Gt

oy 8 mi L2 . 5
+@Q 105 [y +1m,)? [2 mymg|v| m—i—(mz—i—mj)lvl—f—zmlul}
+Q m [_5mj (m + 57 mimg + 3 m; ) v|?v1 + — 57 M (s +my) vy + — mimj'U1:|
'L J
1 Lo, 2 1 5
+Q 105m §m¢mj|v| Ul_5(5mi+7mj)(mi+mj)lvl+§mi1}1 .
g J

From Subsection 4.1, we have

. . 4 1
B 'K (v = QWuy, v Q(j)m) (v) = 5 my -, (sz D —m;QU )Ula

therefore
Bi_‘lKij (U QW (milv]* = 5)v1 + QUI —1)vy, v QYW (mjlol® = 5)v1 + QU(I — 1)111) (v, 1) =

{ Q(]) Q( i) (m + jmlmj + = 1 ) + ﬁ (Q(]) + Qv(’))ml(ml + m])}

21 3
m; 2
- (myuf? — 5
“5 (my +mj)3(m o Jor
+ Q(j)mz—FQ(i)mim‘—Fl(mi—Fm-) @(j)mi—lé(i)@mi—!—?m) E;(I—l)vl.
’ 75 / 2 / 21 (m; +m;)?
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In conclusion, the solution of problem (68) is thus
R0 s (V) = QOmVI2 —5)V,  i=1,...,A,
WP s (VD) = QU V= 5)V + QO - 1)V,  i=A+1,...,A+B,

and we note that, as already anticipated owing to the Galilean invariance, h(*)@ (V,J) =
R@-Q(|V|, J) V where

A

) )

ROQr (VD) = QO mi V> —5),  i=1,...
RO sV = QO (mV2 = 5) + QDI ~1),  i=A+1,...,A+B.

Coefficients Q) and Q) must satisfy the system

-fori=1,... A,
A 8 4 m
B @) 252 - 0 2 0 i 2 "
;nﬁ Bij {QJ gmi — Q" (3mi +3mzmj+mj>} .
A+B ) ) ) m2 1 ~,.
+ Z n(J)BZ-j {QQ(J)mi—Q(’) <3mi+2mj+ J) 5Q(3)(mz+m])}
j=A+1 mg
2 mgm; 1
X = =

3(mi—|—mj)3 2’
-fori=A+1,...,A+ B,

A

: 2 . , 2 1 1~ ,
E ) By {3 QYW m? - QY (m? + g mim; + m2,> +— QW mi(m; +mj)} 2 ( e
Jj=1

3 3°77) 15 m; +m;)?
Aa+s 4 . , 16 1 L =) L A6
+ Z n(J) Bij {7 Q(]) ’ITLZ2 — Q(z) (mf + i m;m; + g mj2> + ﬁ (Q(J) + Q(Z))ml(mz + mj)}
j=A+1
4 mj 1
X = =
5 (mi+mj)3 2’
A 1 2 1
j j 2 [ ~NU 2 2

A+B

. . ) 1 ~ . 1 ~,.
£y a9 B, {Qmmg £ QU mem, + L (m 4 m,) (Q(nmi - 1606m, +7mj))}

j=A+1
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4.5. Obtention of the viscosity coefficients in the case of constant cross
sections. We recall here the Navier-Stokes system obtained at the end of subsec-
tion 3.3.4: now write down eq. (29) - (32) in the special case which is considered
here:

(69) Ay (min®) + Vg - (minDu) = —eV, - DO,
(70)
A+B A+B _
( Zmz uk) +Zaxl(z )ukul—kn(z)Tékl]) Z—EZ&C!FM,
1=1 1
A 2 A+B 5
; 3 , 5
i=1 i=A+1
A A+B
+Zax Z man® 1L, + 200 Ty + S [min@@uﬁzn(iwul]
! 2 2 ) 2 2
1=A+1
=—eV,-G.

The viscosity terms D,(j), Fy; and Gy, also computed in Subsection 3.3.4, are
given by the following formulas:

(72) i=1,...,4, DY =n®a, 72 +n®71 70

(73) i=A+1,...,A+B, D,(j) = n® 0, T2 +nO T 7,

A+B T
_ @\ | Vau+ Veu 1
(74) Fkl—<§ T—Z E T Z )[—SVg;-uId

2
i=1 i=A+1 Kl

A+B
1TV, - u5kl<Zn(l z0 4 > )Z()>

i=1 i=A+1
= @)
(75) Gk:ZFklul—l—T@wkT{Zng’ + 3 — Zlg}
l i=1 " i=A+1 "

A+B
(
R PNLE R SREA)
1=A+1
In the previous equations, we recall that

S _ an(i) m; E;HB v, n) ( mi 234+1B n(y)) v, T
>

n() ZfﬁB m; () ]A+13 mjn@ /) T’
and the terms Zy,..., Z19; are defined by
|V \
) S5- V]|
76 70 = / < gl V2dv
( ) 1 RA (2 )3/2 \/Wz 1 ’

my V|2
2

(i) _ e i)W _
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(78) z{ = /R/ T 0.Q (\}%J) VEdVdJ,
(79) 7 = /]R 3 / Wh“)w(v J)m; ViedV dJ
(80) Zé“:/RS 3/2 ROF (\'}%) vitav,
(81) zé”:/RS/OOO e( e A0 P(V‘;T' > VAdV dJ,
(82) A :/Rd 3/2 i,D <\|/‘;T|> V2V,
(83) z{ = /RS/ ) 3/2 i),D (\'};T' ) V2dvdJ,
o _ [ < e (VLY VP
(84) 28 — /R e 10 (ﬁ) Lvzav,
85) 20 = /R 3 /0 h e(_;;/_; A0Ke) (\D%'J) (|V2|2+J) VZdvdJ,
(86) ik = / (267;;;;)32/2 WOV (V)m 'V'2 VidV,

V|2
e~mi———J V12
70 = O | .
(87) 12k = /RA @) 3/2h (V. J) (mi— +J ) VidVdJ

For constant cross sections, the functions h()-W AP p@.D pD.Q  have
been computed in previous subsections and may be cast in compact form, for
i=1,...,A+ B, as

BOW — m; w@ . v,

ROP . TIO).

ROD = AD (V|2 = 3) +r; AD(J — 1),
hO@ = QW (my|VI* = 5) + 1, QW(J - 1),

(83)

with coefficients W& I1(H A, A(i), QW @(i) fulfilling the suitable systems
pointed out in subsections 4.1 to 4.4.

The terms Z1,...,Z19; can be then computed owing, whenever necessary, to
integrals reported in the Appendix:
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_vi?
i e 2 i
(89) ZP/RBWQ()(WFF))VdeO,
_m;|v|?
i e 2 i i
o)z = [ T ma OV mvdy = W,
R 7

o =g
i e i A6
(91) z§>:/w/0 W[Q()(|V|2—5)+Q()(J—l) V2dVdJ =0,

. |vw

&2 Zii = /Rs/ (2m/ma)372 m WO -V om ViedV dJ = m; W,

(93) Zé)_/ (e );/szrﬂ SVAAV =2m, IO,
R3
28 = @ 2y — 9. TI®
(94) /R/ ey SV av dg = 2m 10,
i et i
(95) Z§)/RS( T AD (V2 =3)VEav =240,

V|2

oo V= g
() _ e (3) 2 O 2 _ (%)
(96) 2! /Rs/o G [A (VI = 3) + A (J 1)} V2AvdJ =2 A0,

V2

(98)

-~ |V|2 N o~
7y —/R/ 3/2 Q‘”(\V\2 5)+ Q‘“(J—l)} (2+J V2dvds =5QW+QW,

() _ e ) |V|2 5 (@)
(99) Z“‘“_/Ra (QW/mi)m WOV EEvav = 2w,

—mL 2 ) 2 X
(100) 7z = / / WOy <mz % - J) Vi dVdJ = ;W,g”.
R3

(27 /m;)3/?
Consequently, viscosity terms turn out to be
(101) DY = m, W n® T, i=1,...,A+B,

where coefficients W,gi) are combinations of the quantities s, (so that they contain
gradients of number densities and of temperature), while
(102)

A+B A+B

V,u+ Veul 1 ) ,
Fo,=9T 08§ (P} MR A v AT 2TV, - (i) A
kl Z [ 7 3V udkl+ Va Uékl;n ;
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and finally
(103)

A+B 'fl(z) A+B 5 0

i A (i 2 i i
Ge=Y Fau+7T0,T Z e (5Q< ) QL >) +T Z n (2 +n-) Wi,

l i=1 i=1
where I, AG W® Q@ and @(i) are computed in subsections 4.1 to 4.4.

To conclude, the system of Navier-Stokes equations which are obtained by the
Chapman-Enskog procedure from a system of Boltzmann equations corresponding
to a mixture of monoatomic and polyatomic gases with constant cross sections, can

be written down explicitly thanks to equations (69) — (71), formulas (101) — (103),
and the linear finite-dimensional systems defined in subsections 4.1 to 4.4.
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APPENDIX: SOME INTEGRALS

Integrals over the variable R:

iy 2 ! 1/2 4
RV2dR = = 1— R)RY2dR = =
/0 2 /O< ) =,

1 4 1
/(1—R)R3/2dR:—, /( ~R)*RY?dR= —
0 35 0

Integrals over the variable r:

! 1 1 1
= — 1— = — .
/Ordr 5 /0( r)dr 5

Integrals over the energy variable:

o0 o0
/ e~ dl, =1, / I.e I dI, =1,
0 0
/ I?e b dr, =2.
0

Integrals over the angular variable:

16
105

1
do =1, / lo|?do =1, / (01)%do = =.
S2 S2 S2 3

Integrals over the velocity variable:

— 3ol — lvl?
e 2 . 26 2 N
/Rg(2ﬂ_)3/2d7}*—1, / |'U*| 3/2 'U*—37

o2 L.
g€ 2 66
* d*:15a *

o V! Gy & o U Gy

or, in case of particle masses m; # 1,

. 3/2 . 3/2 1
(@) / e 2 7ml‘v*‘ dv, = 1, (@> / mi|'U*|2 e Emilv*ﬁ dv, = 3.
2 R3 2w R3

dv, = 105,
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Use will be made also of some of the following relations:

(1]

2]
(3]
[4]
(5]
(6]
(7]
(8]

[9]
(10]
(1]
(12]
(13]

(14]

(15]

[16]

[ atdo =5 [ P agelav.
et ateh o=z [ ol Aguh o,
[ R Aleldo = 2 [ it gl ao.
@ ate o=z [ ol® Aguhdo,

/ (v1)*(v2)* A(Jol) dv = == | Jv]* A(Jv]) do,
R3 R3
/, (01)2(62)* (032 A(lo]) dv = — . [0]® A(Jvl) dv.
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